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Generalized Class of Sakaguchi Functions in Conic
Region
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Abstract— In this paper, we use the concept of Sakaguchi
type functions, Janowski functions and the conic regions are
combined to define a class of functions in a new interesting conic
domain. We prove coefficient inequalities and inclusion results.

Index Terms— Analytic functions, Sakaguchi type functions,
Conic domains, Janowski functions, K — Starlike functions,
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I. INTRODUCTION

Let A be the class of functions of form

o0

f(z)=z+> a,z", (1)

n=2

Which are analytic in the open unit disk

U= {Z :zelJand |Z| <1}, with normalization
f(0)=0and f'(0)=1
Consider the conic region Q, , K > given by
Q, :{u+iv:u >k (u—1)2+v2}.
* Corresponding author

This domain represents the right half plane for k =0,
hyperbola for 0 < k <1, aparabolafork =1 and ellipse for

k>1. The functions P, (Z) play the role of external
functions for these conic regions where
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Where u(z) \/_ ,te(O 1) teu and z is chosen
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|

such that k =cosh 7R (t) ,R(t) is the Legendre’s
4R(t)

complete elliptic integral of the first kind and R (t) is

complementary integral R(t). pk(z)=1+5kz+ ..... [9]
where

8(arccos k)

ﬂz(l—k )

8
_2’k:1

0<k<1

k>1.

T
~1){t(1+1)R?(t)
@)
Using the concept of conic regions we define the following:

Definition 1.1. A function f e A is said to be the class
k—UB(a,p,7,51),

for  k>0,<0,0<4,<1,0<y<1s,tell
S#t ifand only if

with

((“ﬁ%stf >‘J aﬂy,stf()) 1‘,

where
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J(a,ﬂ,y,s,t,f(z)):t;( f(ss—zt)_Zfl(zZ) _ﬂ}la [(St)(zf (2)) _y}.

Or equivalently
I Byt f(2)<p(2).

where P, () is defined by (6).

This class generalizes various classes studied by Khalida Inayat Noor and Sarfraz Naeaz Malik in [6], Kanas and Winsiowska
[3, 10], Shams and Kulkarni [4], Kanas [7], Mocaun [1], Goodman [5].

Il. MAINRESULTS

Theorem 2.1. A function f € A and of the form (1) is in the class K —UB(a,,B, 12 S,t), if it satisfies the condition

S w(kia, f.7.51) <(1- B)(1-7), @
Where
¥, (G Bysit) = (1= B)(1-7) S (01 1)1, (.04, +1- (5.0, |+

(k +1)‘(1—a)(1—7/)(1+ u, (s.t))n=[(1-7)+a(r-B)|(n+1)u, (s,t)+a(1- B)(n* +u(n)(s.1))
+"zl(k+1)\(j(l_a)(1_y)_un(s,t)[(1_y)+a(y_ﬁ)})(n+1- Du(n+1-)(st)aa,, .

E

o

n—

+z k+D)|a (1= B) (n+1= ) 0, (s.)a3,0 [+ (1= B)(2-7)(n+1)u, (s.1)[a, |
werek > 0,0 <0,0< B,<1,0< y <1and U, (s,t) =3 "It/

Proof. Assuming equation (8) holds, then it suffices to show that

k|3 ( aﬂyst f(2))-1-R(JI (. B.y.5.8 F(2))-1) <.

Now consider ‘J a,B.y.st f( l‘ then

1-af (s-t)af'(z) ., @ (S‘t)(Zf(Z))|
1—,B[f(sz)—f(tz) 'BJ 1-y (f(sz)—f(tZ))

AR

(1-a)(1-y)(s—t)zf!(z2)(f (sz2)— f (tz))—-[(A—r)+a(r—B)](f (sz)— f (tz))(f (s2)—f (tz))I +
a(l—,&’){(s—t)z(zf‘(z))l(f (s2)- f (tz))}
(1-B)(1-7)(f (s2)- T (12))(f (s2) f (t2))

Now from (1) and we get
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(s—t)zf!(2)( f(s2)- f (tz)) =(s—t)’ z[gnanz“}[gnun (s,t)anz“},aO =U,(s,t),a =u,(s,t)=1
:(s—t)zé[gnanz”1}[gnun(s,t)anz”}
:(s—t)zég{ij(n— j)unj(s,t)ajanj}z”

j=0

B i{i J(n=J)u,, (S,t)ajanj}z"-l

n=0| j=0

e B[S i e soaa ]
{(1+un (s.t))na, +:Z_:j(n+l— Do (s,t)ajan+1_,}z"}

| ] [(n+Du,(st)a, + and
(f(sz)—f(tz))(f(sz)—f(tz)) =(s—1) z+nZ:2: n-1 z"

> (n+1= 1)U, (8,0 (5:)8,8,00,

=(s—t)2{z+

Similarly, we get

s

L i=2

((s2)- f (t2))(f(s2)-f (tz)) =(s—t)° {z +i_(n2 +U,(s,t))a, +ni(n +1-j)u, (s,t)ajam_j}z”},

n=2 j=2

Using the above equalities in 9), we get

S [@-a) -y u, (s )n=[(1-7)+a(y=A)](n+1)u, (s.) +a (1= £)(n" +u, (1)) ]a.2"
(1-A)1-7)| 2+ X[ (n+D)u, (s.0)3,+ X (n+1= 1)U, (s:t) Uy, (503300, |2 |

) >0 a) (-7 (s0) [(n+1- e, 2"
(1-p)(1-7)| 2+ T [ (n+D)u, (s.)a, + X7 (n+1- D)y, (s.)aja,, |2 |

) 2o [ Z(a-) ez =A) ey (5D) (141 T, _
(1-p)a-7)| 2+ 2 [ (n+D)a, (s.t)a, + 35 (n+1= ))u; (8,t) Uy (1) a3, |2")

. Y[ XA (i uy(s ) |(n+1- a2
(1-)a-7)| 2+ X[ (n+D)a, (s.)a,+ 2 (n+1-)u; (s.) 0, (s a3, 2" |

S Ja-a) =) @ru, (s ))n=[(@=)+a(y = B)](n+1)u, (s.)+ (1= ) (n” +u, (s.1) |

L @-AA-) |12 (e u (s)la - XX (01 U () U (5. 1)3,30

> Z 5 (1a-a) =), (s))(n+1- Daa.,

(1-A)a-7)| 1= (n+u, (st - X[ (1= D, (s.0).A (n+1- Daja,, |

) > X [0+ a(r=8)]u; () U (5D ](1+1- )aa,
(1-8) (1) 1= 2 (n+D)u, (sl = X[ 35 (1= v, (5:0) s (5. D)3,

) > (e @-p)(n+1-i)u; (s))ag,..
(1-B)(1=7)| 1= X (n+1)u, ()l = 22T (41 DU, (5:6) Uy (5:1)3,8,

Since

kK[ (e, 87,51 T (2)) =1 =R{J (@ B.7.8.t, 1 (2)) -1 < (k+1)[3 (. B.7.5.8, F(2)) -1,

(6)

+
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< k+1)>" [1-a)(1-y)(1+u, (s,))n=[(1-y)+a(r-B) [(n+1)u, (s,t) +a (1= B)(n* +u,(s.)) [,

(1-B)(1=7)[ 1= 2 (n+2)u, (s.0)la] - 2 X (041 D)o, (5:) o (5.2,
LTS ) 7)<l A e (D3

(1-B)1-7)|1- X (n+Du, (s.t)a, - z (141 1)U, () U (53 |
. Z“ (a )(n+1-j)u, (s, t)alanﬂj)
1-p-7)1-X. (e (sl z (0L 1), (8. U (5280

The last expression is bounded by 1 if

k+1

]

i(k +1)|1-a) (1= 7) 1+, (s.t))n=[(1-p) +a(r - B)J(n+1- ju, (s,t) + & (1= B) (0 +u, (s.1))

|

o

+§;‘{n 1(k+l)‘(j(1—05)(1—7/)—uj(S,t)[(1—7/)+05(7/—,8)])(n+l—j)urHl ((sit)aa,,

(S enffatep)nea- iy () [+a-p)a-n - (s |

j=2

+i{1 B)(1-7) ni n+1-j)u;(s,t). n+1j(s,t)‘aj.an+l_1.}<(1—,H)(1—7/)

This completes the proof.

When s =1t =0, we have the following result, proved by Khalida Inayat Noor and Sarfraz Nawaz Malik in [6].

Corollary 2.2. A function f € A and from (1) in the class Kk —(a, £, 7/), for =1< 8,7 <L, >0,k >0 if it satisfies
the condition

Sw, (ke By)<(1-8)(1-7), %

n=2
where

¥, (ke B,7)=(k+1){(n-1)(10a)(1-y)+ne(1- B)(n-1)}[a,|
(k) S {(-)(-a) (- 7) +a - ) (0= D (n+1- Daa

[
|

+(1-B)(1-g9)(n+D)fa |+ (1- B)(1- 1) S (n+1- Dla,a,|

=2
For s=1,t=0,a =0, we have following result due to Shams and Kulkarni [4].
Corollary 2.3. A function f € A and from (1) in the class SD(k,ﬂ), if it satisfies the

<1—ﬂ>(1—y>>i{(k+l>(n—1)<1—y)|an|+<k+1>§<j—1)(1—y><n+1—j)\ajamJ}

n=2 j=2

condition+i{(1—ﬂ)(l—}/)|a 1 ﬂ 1 7 fi n+1_j)‘ajan+l—j}

0

“N2 (kD) (n-1)+(1-p)jla|

N
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This implies that

S {n(k+1)—(k+ f)}a,| <1- 3

n=2

For s=1,1=0,a =1 we arrive at Shams and Kulkarni et result in [4].

Corollary 2.4. A function f € A and from (1) in the class KD(k,}/), if it satisfies the condition

n=2

n-1

(l—ﬂ)(l—y)>i{n(k+1)(n—1)(1—ﬁ)|an|+(k+1)Z(n—J)(n+1 i(a- ﬂ‘ajam_}

j=2

Z{ n(1-8)(1-7)la,|+(1-8)1-y) Z n+1-j)fa M_J}

>(1- ) in{ k+1)(n—1)+(1-7)}[a,|

n=2

This implies that

in{n(k+1)—(k+;/)}|an|<1—;/

n=2

Also for s=1,t=0,gb =0,y =0 then we get the well-known Kanas’s result [7].

Corollary 2.5. A function f € A and from (1) in the class UM (a, k), if it satisfies the condition

Sw, (kia)<1
n=2

where

n-1

¥, (ka)=(k+1)(n-1)(1-a+na)a,|+(n+1)[a,|+ > (n+1- j)‘ajam_j‘

n-1

i=2

+(k+1) Y {(i-1)(1-a)+a(n-j)}(n+1-j) ‘aj o J‘

j=2

For s=1t=0,a =0, =0, thenwe get result proved by

Kanas and Wisniowska in [3].

Corollary 2.6. A function f € A and from (1) in the class
k — ST, if it satisfies the condition

00

> {n+k(n-1)}fa,|<1.

n=2

Also for s=1,t =0,k =0, =0, then we have the
following known result, proved by Silverman in [8]

Corollary 2.7. A function f € A and from (1) in the class
S *(ﬂ) , if it satisfies the condition

00

z B)la,| <1-p.

n=

412
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