International Journal of Engineering and Technical Research (IJETR)

ISSN: 2321-0869, Volume-2, Issue-9, September 2014

On The Uniqueness and Solution of Certain
Fractional Differential Equations

Prof. Saad N.Al-Azawi, Assit.Prof. Radhi 1.M. Ali, and Muna Ismail llyas

Abstract— We consider the fractional differential equations
with constant coefficients, using Osler definition

DE x(t) + D%() + x(£) = 0 e (1)
Where . == 00=<t=T

In this paper we have proven that the uniqueness of
solution of fractional differential equation, and solve this
equation by using the Laplace transform technique.

Index Terms— Fractional Differential Equation, Laplace
transform, Mittag-Leffler, contraction =~ Theorem.

I. INTRODUCTION

The field of fractional calculus (that is, calculus of
integrals and derivatives of any arbitrary real or complex
order) is almost as old as calculus itself.(The idea where
known-Leibniz (1859) mentions in a letter to L'Hospital in
(1695)) [3].

The earliest more or less systematic studies seem to
have been made in the beginning and middle of the 19"
century by Liouville (1832a),Riemann (1847) ,and Holmgren
(1864),although  Euler(1730),Lagrange(1772),and others
made some contributions even earlier[3] .

Through the last decades the usefulness of this
mathematical theory in applications as well as its merits in
pure mathematics has become more and more evident
.Possibly the easiest access to the idea of the non-integer
differential and integral operators studied in the field of
fractional calculus is given by Cauchy's well known
representation of an n-fold integral as a convolution integral

[5] X pXp_y Xy
o= [ [ 00 s

nelxeR,

1 x 1
- 1]:[0 (x — ﬂl_ﬂy{ﬂdt

Where ["is the n-fold integral operator with

] "v(x} = ¥(x).Replacing the discrete factorial (n-1)! with
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Euler's continuous gamma function I'(n’}, which satisfies
(n-1) ! =Ti{n) for n € M,one obtains a d efinition of a

non-integer order integral, i.e.

Jey(a) =

E}r{ﬂ dt, wx ER,

s N |
r(a]j,,{,r—ﬂi-

The fact that there is obviously more than one way to define
non-integer order derivatives is one of the challenging and
rewarding aspects of this mathematical field.

The integral transform of a function f(x) defined in
a= x = b is denoted by
L {=x(t)} = X(t), and defined by
A} = X(£) = [L K(¢, Dx(£)dt, where,

K(t,7), given function of two variable t and T,
is called the kernel of the transform.,
The operator. 7 is called an integral transformation.
The idea of the integral transform operator is somewhat

similar to that of the well- known linear differential operator,

W)

d
—Which acts on a function x(t) toproduce another

functionx'(t), that is Dx(t) = x"(¢),

Usually,

x'(t) is called the derivative or the image of
x(t) under the linear

transformation D). Evidently, there are a number
of important integral transforms

including Fourier, Laplace, Hankel, Mellin transforms, etc.

and we chose Laplace transform.

Il. PRELIMINARIES:

Many definitions of fractional derivatives and
fractional integrals (fractional differintegration for short)
were introduced. These definitions agree when the order is
integer and some of them are different when the order is not
integer. Some are equivalent such that Riemann- Liouville
and Griinwald (1867} [2]. There is an equivalent between
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Riemann-Liouvile and Osler definition when fractional order
less than zero [3]. Several authors have considered different
methods for calculating fractional derivatives of a given
function [2 p.89- 90].

Ordinary differential equation and Integral equation is an
important field of application of the contraction theorem.
Now we review some definitions and theorems.

Definition, [2]

The Laplace transform is defined as follows

If x (t) is of exponential order & and is a piece-wise
continuous function Real line, then Laplace transform of x (t)
fors>a

X(s) =LLx(t)] = [, e~ x(£)dt

And the inverse Laplace transform of X(s) is [4 ]
i C+i=
U =@ = et aas
2mi r—i=o

Note Laplace Transform of Standard Fractional

Differential

Equation [2].

ROE f e JDF flt)dt = S°F(s) -Zs* D*R £t ]y
0 k=0

m—1< o<n)

Definition, [4]:
A two- parameter function of the Mittage-Leffler is defined by

the series expansion

K== _Z;"
En‘.ﬁ‘{zj =ZR=D —T{Et.[i: 1 8)

For & = 1,we obtain

E,,(z) =

(e=08=10)

= E, (z),

by m is one-parameter Mittag-

Leffler function
Relation between Laplace transform and Mittag-Leffler
function[4 p.50].

[een+F- 1(3‘1) .5‘{"“ I(s) =

Definition: (contraction):[1]

(Jas=%| < 1)

|2‘]:|1'"1

Let X=(X, d) be a metric space .A mapping T: X— X is
called a contraction on X if there is a positive real number
0= &=1suchthatforallx,ye X

d(T(X¥), T(y) = ad(xy)
Banach Fixed point theorem(Contraction theorem [1 ]).

D=m=1
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Consider a metric space X=(X,

X#= @ Suppose that X is complet and let T: X— X be a

d), where

contraction on X. Then T has precisely one fixed point.
Lemma 2.1 [8].
Fora = f,a=v,acR, s%F = |a| and |+* + 57 |>|3l

we have

F+n
o)
%4 ash 4 b +l+1a-y)

3-MAIN RESULT:

In this section, we study the uniqueness of solution of our

klp-feng

equation (1) where we proved the existence of solution of (1)
by two different approaches depending on the Laplace
transform technique .

Theorem 2.3.1 [Uniqueness Theorem].

Consider

DF x(t) + D%x(t) + x() = 0

Then there exist unique solution if

t
[ (64D G- 4T+ D —ﬂ'”'i)dﬁ:

where, = o =0

<1

m
where the derivative is by means of Osler definition.

Before the proof, we need the following simplification
Assuming the conditions of lemma of (3.4) in [7] are satisfied
then the solution is unique.

Suppose x(t) is a continuous function.

Since Tx(t) = Sx(t) + x()

- (2)
And Sx (t) =
J.-t r|5+1_‘1 —f)E-t _l_r':“_:l’-" (r— t:]'“'l].r{r:]dr

Tx(t) =
f[rl5+ﬂ( By 1"%:—"{ £~ x(r)dr +
x() e (3)

Let T.x(t) = Tx(t) — Ix()
We shall show that this operator satisfies the contraction
mapping theorem.

IT, x(£} — T.y(e) | = IT.[x() — y (]Il

Since T.x(t) = Sx(t)

‘T(+1
J (ﬁ+J( ]“+
0

(from the relation (1),

ferd e -l

i
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=

L[ TG +D G- + T+ 1D & -
£=2=1) ar| llx(z) -
y(@]ll

=

S [FrE+D G- + T+ 1) G -
t) ‘“‘1) dr| I [x(e) - w1l

First proof :
We proved in our paper [6] that for all

t,reklet),0<t<t=<T, there exist L =0

i ||5‘+1.‘1

Such that k(t.o)l <L L=

Therefore we can get

IT, x(£} — Ty(e) Il < Li[x () — y(E)]Il

When L<1, T, x(t} satisfy the contraction property,
IT, [ x(8) — y(E)] Il < Ll[x() — y (D]

IT, zll = Lllzll where z = [ x(8) — y(£)]
Nz=z—=Tz+z=z =Tz=12z

Second proof :

Also we can prove it in another approach

Let

Agpes=
:_:,[ [fnrr{ﬁ + 1:' ':T - t:] -F-1 + ]__I:a + ]_:] ':T — t:]—ﬂ'—l) dt

=:_tl [%H_‘l {—t:l"? r-r:+1_‘-{ -
For -t complex say, t=a+ ib = re"
Let r=1, thent=g"
Meger=
+1 [rIE+L (cospA —1i sinpA) + ety —(cos B —
i sin aE]]

=

~ [(r()sin p8) + (F(c)sin a®) 1+
%1 [ (T(B) cos pB) + (Ia) cosaf)]

Wewant @ < &, 8 < 2r inorder that |4l =1

.. 2 5
This is true when == , § = -, as follows,

For illustration,

Suppose &=

[ERET]

“]
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3 2 ,
H{EE‘ —~Ei':=-?_1__n
nc:?ﬁ‘ —~|5'::-:—'T='I-‘2,wechose6':!4—'T
Let —t=g =+ {:r—1 5‘_—:]
-1 (5) . 1om (3] . 9w 1
ﬂn’.ﬁ‘.tr‘%[r 3 Slﬂ? +T 5 Sm?]-'_?_m

:'—j [(2.355 x —0.382) + (1.57 x —0.38)]-
)+ (7 3) cos 7 )]

+ = [(2355 % 0923) +

Qo
caos —

8

13w
cos ——

8

[(+()

(1.57 =

After yield simplification we get,
<1

|‘.5|1'_.5‘_r_1
It means there exist values for
. B, such that it is contraction

IT. %) — Ty® Il = IT.Lx() — y @1l = |ag 5] 11z — y @7l

Where |, 5.-| < 1,

IT, zll = Izl where z = [ x(£) — y(£)]

|"5r:_.5‘_t_r
It mean that there exist a unique w belongs to the domain of
the operator T. such that

T.w=w—=Tw-w=w— Tw=2w

1.
In this section, we obtain the solution of our equation by

THE SOLUTION

two methods The first one is depending on the relation
between Laplace transform and Mittage-Leffler function in
two parameter E, ;(z)and the other by using the Laplace
transform technique.

Suppose that X (t) is a sufficiently good function, i.e.
Laplace transform of X(t) exists.
Our equation is

DF x(£) + D%x(t) + x(t) = 0
Where .

Bra=00=t=T

Applying the Laplace transform on equation (1), we have
[S8+ 5% $ 1] L(x(®) =
C=E5 o DFF " x(8) 1o + Zfeo DOt x(8) L1

Jwhere
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o, are positive number with f > o,
n is the smallest integer greater than £, (n —1 = § = n)

m is the smallest integer greater than «, (m-1< & << m)

c
Lx (W) = mrmean

Taking inverse Laplace transformation of (2), we have

_ L povi= c =t
() = i 'rf fe= 5457 41] e ds
1 ol c p== o)V
T oo ‘rf_i: [53+53+1.]Ei"=[' [ly+10 ds

- E." ===

i —¥=0 Tl +ﬂ

J.-r+[== o d
: 5
C-l= [sf 49T 41]

First method.

By using the series expansion of equation (3) to get,

p== J.-r+l'=|= =
f—l==

1
x(t) = ¥=0 Tly+D vy m}r —= ds
sz
_c
~ mi
F=== C+is= jl
E.f =0 iy +ﬂ -rr—izc 33+1 ': 1:] ds  where
32
=1
281

Because of the uniformly convergence property of the infant
series a few terms will attain the maximum accuracy [6], so

We can write it as

_ £
i
B g s g B0 (5) e
T
Y o f:-i:‘ SEEi-D" e ds
SN m LD BECD s

By the relation between Laplace and Mittag-Leffler, and
If 8 =6+ na +y then s"e+Y = gF-¢

£
Wi

(=]

fr+[=
c—is=e

Then the inverse Laplace transform of this depending on

i

n=k n HE
¥=0 rl +:|_“| i"=D{_1:] W{dS
relation [4 p.50] is
C a"
—_gfn+E-1 _J A _+B
n! t (ﬂ'ﬂ ES,D{ t }

Where,

(-s*1 < 1)

L

G+ KNyl

|,|:| _ - A _
L = ELG) = Z_‘j:ruj_l_;{k_'_ﬂ{k—ﬂ,l,l...]

It's mean that our solution is,

- Yy
it's'”"ﬂ‘lz G+ &)t (—tf)

= jiT(Bj + Bk + &)

n:

(I-s~*l<1)

Where &§ = f— nax + ¥

Second method:
Using the Laplace transform and it's inverse depending on
Lemma [2.1]

_ € yy== f+im =
x(t) --vlz.r =0 iy +1_‘I ‘rf‘[* [56 452 41] ds

.............. %)
By using the series expansion
p=== C+im  gF 1 d
=— 5
""'lE-" =0 Ty +ﬂ ‘rf = gfisT 14 .'3‘1
FH+5E
_ £ py== _tF Jfr+i== = (—1m
ami =0 [lpsn) To-i= gfggs T ghy gm)”
= ¥ f+i== ( ﬂ"sf
T oami SF=0 Tlp+p 'rf_[“ E(SS 5=)" ds
Therefore
£ py== tF fr+L= ¥ [—11m ¥
Z_E.._ P — - T - 1 snTi dS
zmi TF=P Tly+0) 6t (s# g=+n)

i

=]

F=== tv S+i== ' 0" g n+k :IR
E;,.-=L‘I Mly+1 rr—i: snf+f { }
- £
" awi
p== ¥ Ctim o (=10 (=1)F i"+h( );"
b Tly+1) fooie X sm8 sy 7o) s=) as
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£

iy |

(PeE)-0™ (—p)®

y=e= EF E+i= Lk
; -rf—[:: E?-f:nzi.z-::n

¥=0 [ly+1) shi-¥

and by lemma[2.1]

skl f-al-nf 4.

-1 s’ — O-F-1 N {—1:]“{—1:];"?;;‘}
L LS‘+5G‘+1]_I ZT&{E—H]+{H+1]B_YJI

n=0k=
Therefore the solution of our equation is
S L L

— f-yp-1%= = k ! k(f-o)+ng
*()=C = E“=DE*‘=°r-:kiﬁ—n:-+|:u+1_"|3—'r3 )

Hence (3) and (4) are two forms of the solution.
So after proving the existence of solution in previous paper
using Osler definition, we show in this paper with details the
uniqueness of of this solution and the form of it.
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