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Abstract: The paper is concerned with the existence and
uniqueness solution of quasi linear evolution integrodifferential
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I. INTRODUCTION

Quasilinearevolution equations form savery important class
of evolution equations as many time dependent phenomena
inphysics,chemistry, biology and engineering can be
represented by such evolution  equations.  Several
authorshave studied the existence of solutions of abstract

quasilinear evolution equations in Banach space
[1,2,3,7,8,9,10,12,14]. Oka [10]and Okaand
Tanaka[l1]discussed the existence of solutions of

quasilinear integrodifferential equations in Banach spaces.
Kato [6] studied the non homo geneousevolution equations
and Balachandran and Paul Samuel[2]proved the existence
and uniqueness of mild and classical delay integro
differential equation with non local condition. The problem
of existence of solutions of evolution equations in Banach
space has been studied by several authors [4,5,8,9].The aim
of this paper is to prove the existence and uniqueness of
midland classical solutions of quasilinear functional integro
differential system with infinitedelay

u (8) + A(t, Wu(t)

= f(t,u)+ f k(t —s)g(s,uy)ds (1.1)
0
ug = ¢, 0n[—p,0](1.2)
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whereu,(6) = u(t + 0), 6 € [-B 0],For t € [0,T],we
denoteby E, theBanach space of all continuous func-
tionsfrom[—, ¢]toXendowed with the supremum norm

|2l = sup [£(O)],  x<E..
—7<0<t

Letthe functions £:00,T] X Eq toX; g:[0,T] X
Eo toXand k:[0,T] - [0,T]is a real value dcontinuous
function. Here we see that,cfp, we assume that
foru € Er, £(,u¢y) and g(-, ug,) = [0,T] - Xare bounded
L' function. Further assume that there is a subset
BofX such that for(t,w) € [0, T] X Erwith w(¢) € Bfort €
[0,T], A(t,w)isalinear operator in X.Alsog € EjisLipschitz
continuous with constant L, The results obtained in this
paper are generalization so the results given by Pazy
[13],Kato [6,7]and Balachandranand Paul Samuel[3].

Il. PRELIMINARIES

Let Xand Y betwoBanach spaces such that Y is densely and
continuous lyembedded inX. For any Banach

spacesZthenormofZisdenoted by|||| or ||||Z .The space of all

bounded linear operators from X toY is denoted
byB(X,Y)andB (X, X)iswritten asB (X).We recall some
definitions and known facts from Pazy [13].

Definition2.1.LetSbhealinear operatorinXand

letY beasubspace ofX.TheoperatorS definedby D (S ) =
{xeD(S) nY:SxeYland S x = Sxfor x €

D (S)iscalledthepartofSinY.{x + y: x € B,y € E}.

Definition2.2.Let B be a subset ofX and for every
0<t<Tandbe€eB , let A(t,b) be the
i nfinitesimalgeneratorofaCy -semigroupSe¢ »(s),s = 0, on

X. The family of operators {A(t,b)},(t,b) € [0,T] X
B, isstable ifthere areconstants M >1 and
b knownasstabilityconstants,suchthat  p(A(t, b)) o

(b,®)f or (t,b)€[0,T]XB ,
theresolventset of A(¢, b) and

Ht_:l R(A:A(t;, b, ))H <M(L—w) Kfork >a every finite

sequences 0 < t; <t <...<t, <T,b; €B.
Definition 2.3. Let S¢ p(s),s = 0Obe theCo- semigroup
generatatedby A(t,b),(t,b)e I xB .A subspace
Y of X iscalled A(t,b) -admissibleif Y isin-
variantsubspaceofS; ,(s)andtherestrictionofS; ,(s)toYisa
Co-semigroup inY. '

Let B c Xbeasubset ofX such thatforevery (t,b) €[0,T] x
B, A(t, b) istheinfinitesimal generator ofaCy-semigroup
St »(s),s = 0onX. Wemakethe followingassumptions:
(E1) Thefamily{A(t, b)}, (t, b) € [0,T] x Bisstable.

where p(A(t, b)) is
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(E2) Yis A(t, b) — admissible for (¢,b) € [0,T] X B andthe
family {A (t,b)},(t,b) e [0,T] x B ofparts
A" (¢ p)ofa(s p)iny,isstable iny.

(E3) For (t,b) € [0,T] X B,D(A(t,b)) oY, A(t,Db) isa
bounded linear operator fromY to Xand t —

A(t, b)iscontinuousin theB (Y, X)norm |||| for everyb € B.
(E4) There isaconstantL = Osuchthat

[ACt.b) - A, <Lk —b,
holdsforeveryb,,b, € Band0 < ¢t <T. Let Bbe a subset
of X and {A(t,b)},(t,b) € [0,T]x B be a family of
operators satisfying the conditions (E1)-E4). |Ifu €
C([0,T] : X)has value sinBthen there is a unique evolution
system U,(t,s),0<s<t<T, in X satisfying, (see
[13,Theorem 5.3.1and Lemma 6.4.2, pp. 135,201-202]

(i) U, 9)|<Me”® for 0<s<t<T.

where M and o are stability constants.
(i) %Uu (t,s)w = A(s,u(s))U,,(t,s)w for
weY, for 0<s<t<T.
(D) %Uu(t,s)w:—Uu(t,s)A(s,u(s))w for

weY, for 0<s<t<T.

(E5) For everyu € C ([0, T]: X)satisfying u(t) € B
for0 < t < T,wehave

Uu(t,s)Y cY, 0<s<t<Tand
U, (¢, s)isstrongly continuousinYfor0 < s <t <T

(E6) Every closedconvexand bounded subsetofY is
alsoclosedinX.

Furtherweassumethat

(E7) f = [0,T] X Egto X is continuousand there exist
constantsF; > Oand F;, > Osuch that

[ 1) — F&E el < F (It —s| + |11 — @2||
F, = max||f (t,u,)|.

(E8) g:10,T] x Eoto X iscontinuousand thereexist
constantsG; > 0and G, > Osuch that

Jlot.d-g(.a), ds <Gy (ft—s+|&~4l), .
G, = maxI;||g(s,u0)||ds.

(E9) Thereal-valued functionkiscontinuouson([0, T]
andthere existsapositiveconstantKy suchthat

||k(t)|| <Ky fort € [0, T].Wenote thatthe condition

(E6)isalwayssatisfied ifXandY are reflexiveBanach spaces.
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Next weprovethe existence of local classical solutions of the
quasilinear problem (1.1)-(1.2).

For amildsolution of(1.1)-(1.2) we mean a function

u € Epwith values in B satisfying the integral equation

u(t) =U,(t,0)6(0) + .U, (L9 F (s,u,) (2.2)

+[ k(s=7)g(z,u,)]ds
uO :¢ on [—,U,O]

Afunction ucEr suchthatu(t)eYNBfor
t=(0, TLUECY((0,T]:X)and satisfies (1.1)-(1.2) in X is
callegd Classical solution 0f(1.1)-(1.2) on[0,T], where
u € C1(0,T]: X),space of all continuously differentiable
functions from [0,T] to X and Y isa A(t, b) — admissible
subspace ofX.

Further there exists a constantE, > 0such that forevery
u,v € C([0,T]: X)with values inB and every weY,wehave

U, & W-U, (&, )] < Ey ], [ Ju(z) -v(2)]dz. (2:2)

I1l. EXISTENCE RESULTS

Inthissectionwe provetheexistenceanduniqueness
resultforaclassicalsolutionto(1.1)-(1.2). Let<p~ €
Erbegivenbyg (t) = ¢ (t)fort € [-B, 0]andg (t) =
@ (0)fort € [0, T].Denote

B, (#(0)) ={x e X :[[x-¢(0)], <r},
Bzr(éoj:{;(e E,: <2r.

Theorem?2.1let B and V beopensubsetsof X and
Eqrespectivelyand thefamilyA(t, b)oflinear operatorsfort €
[0,T],b € B,-(¢(0)) satisfyingassumptions
(E1)—(E9)andA(t, b)¢(0) € Ywith

|A(t,b)$(0)]|, <C,, C, >0
forall (t,b) € [0,T] x B. There existsapositiveconstant

Ty suchthat thequasilinearproblem(1.1)-(1.2)
hasauniqueclassical solution.

Z_¢Zo

”Uu(t’s)”B(Y) S Kl’
Taker > OsuchthatB,-(¢(0)) ¢ BandB,r(Po) c V.

Proof:
LetSheanonemptyclosedsubset ofC ([0, T]: X)
definedby

S={YECr, Yo =@ fort €[~BO]p(t) €
B(¢(®))},

We easilydeduce thatSis a closed, convex and

bounded subsetofCr,. Take i € S.Nowfor 6 €
[—B, 0],wehavethefollowingtwocases.

Case(i): Ift + 6 < Owehave
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1//1(9)—&0(9)

\w(tw)—é(e)

X X

-Jote+0)-40)

=L,T,<r
Case(ii): Ift + 6 = Owehave

X

v, (0)~4,(0)

‘w(t +0)-4(0)

X X

~oc+0)-90

=lp© -2
=r+L(-0)
<Sr+Lgt
<r+L,T, <2r.
(since—0 <t <Ty).

X

Thus, fory € S, Y, € By,-(¢).DefineH: S — Shy

U, (t,0)¢(0)

+ U, (L9 (s.u,)

+I: k(s—7)g(s,u_)dz]ds,t €[0,T,]
(1), te[-u,0].

FirstweshowthatH iswelldefined andHu(0) =
@(0).Fort = O,wehave

Hu(t) - #(0) =U, (t,0)#(0) — ¢(0)
+j;uu(t,s)[f (s,us)+I;k(s—r) f (s,u.)dz]ds

Hu(t) =

Taking thenorm, weget
[Hu(t) - ¢(0)] < U, (t,0)¢(0) — #(0)]
+j; uu(t,s)[f(s,us)+j:k(s—f)f(s,u,)dr]

Integrating(ii),weobtain

s

U, (£0)$(0)—4(0) = [ U, (t.5) Als. u(s))(s)ds.
Thus, we have
V. (6,040 -4, < [, (& )AG (s, (o), o5

<C,KT,

<L

2
Also we have
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s

+HI: k(s—7)[g(z,u,)—9g(z,uy)+9(z,u,)]dz

L9)[F(s,u.)+ [ k(s—7)g(s.u,)d7]

<K T (5.0,) — F(s.U0) + (5,0,)]

ds

<K [[f(s.u) = TS, +]f (su0)]

+K. [ (lo(z.u,) - 9,9 dz]ds
<K[2r(F +K;G,)+F,+K;G,IT,

<L

2

Using the result for U € S, U € B, (#). Thus, for ue S
and t >0, we get

[Hu(t) - $(0)], s%+£ <r.

So, H is well defined for U,V € S, we consider
HU(t) - Hv(t) =U, (t,0)4(0) ~U, (t,0)(0)

# LU ST (s.u)+ [ k(s=D)g(s.u.)d s
UL v+ [ k(s=D)g(s.v,)de]ds
Let

1, =[V, (t.0)$(0) -V, (t,0)¢(0)
< B[40 [;Jlus)-v(s)] ds
< B[40 Ju-v[T..

Also let
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1, =[ U, 9 (s.u)+ [ k(s-7)[g(s,u,)d7]
U, (9 F (s,v,)+ [ k(s =2)g(s,v,)d7]

+U, L9 (5:v.)+ [ k(s ~P)[g(s.u.)d K|

<K [ [f ()= (s,

+I; k(s—7)[g(s,u,)—g(z,v,)]ldz]|ds

+on;[H f(s.v,)+ [ k(s-)g(r.u,)de

[ Ju(z)-v()| drds

<Ky[F, f}Ju, ~v.[s

t
+K; IOGL lug —v,||ds]
+E,[2r(F. + K;G,)
+F, K G ||u —v|| Ty
< Kl[FL.[tsup”u(s+9—v(s+9)|| ds
0 v X

+KTGthsup||u(s+«9—v(s+:9)|| ds
0 9 X

+Eg[2r(F_ + K G )+ R + K Gy I[Jlu —v|| T
<K F Tolu=v]|+ KK G.T, Ju—v|
+E,[2r(F. +K;G,) +F,

+K; G Iy Ju—V|

<(K[F +K:G ]+ TEy[2r(F + K G,)
+Fy + K Go) T, lu—v].

Hence,
|, + 1, =|[Hu(t) - Hv(t)|
< (E, [#(0)] +K,[F, +K;G.]]
+T,E,[2r(F +K,G,)
+Fy + K G DTy [lu—v|

< QT ||u —v||ETO

1
<Zlu-v]. .
<y

Thus HisacontractionfromStoS.So,bythe Banach contract
ionmapping theorem, H has  aunique fixedpoint u €
Swhich satisfies the integral equation. Hence it is amild
solution of(1.1)-(1.2). Now, we consider the following
evolution equation
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u'(t) + A(t,u)u(t) = f(t,ut)+j;k(t—s)g(s,us)ds (3.

u(0) = ¢(0). (3.2)
Denote A”(t) =A(t,u(t)), F (©)=f(tus) and
G (t)=g(t, us)ds,then equation (3.1)canbewrittenas
U (1) + At u)u(t) = F(t) + j; k(t-s)G(s)ds  (3.3)
u0=¢0. (34

whereuistheunique solution fixedpointofH inS.
Nowweassumethat(E 7)-(E9)wehave

|f ) f(s 2|, <F.[t-9],

[lot.2)-9(s 2, ds <G, |t
and
k()] < K.

Henceforeache>0there existsad=>0suchthatif
[t—s|<&impliesthat

Ittt 0)- 6, <&

I;||g(t,;() -9(s, p)|, ds<e.

Thus, £(t,x) € Er,and g(t, x) €

Er forfixedy.HencefromPazy[[13] Theorem 5.5.2],we
getaunique function v € C1((0, T]; X)satisfying (3.3)-(3.4)
inXandvgivenby

v(t) =U, (,06(0) + [ U, (L. 9)I f (5.,

+ j:k(s—r)g(s,ur)dr]ds, te[0,T,],

wherelUz.(t,5),0 < s <t < Tpisthe evolution sys-

tem generated by the family A(t,u(t)),t €[0,To]. The
uniqueness of v impliesthat v = w on [0,TQ]. Thus wis a
unique local classicalof(1.1)-(1.2).

REFERENCES

H.Amann, Quasilinearevolution  equations and parabolic
systems, Trans. Amer.math. Soc. 29 (1986),191-227.
K.Balachandranand F.Paul Samuel, Existence ofsolutions
forquasilineardelayintegrodifferentialequations withnonlocal
conditions,Electron.J.Diff.Eqns.Vol.2009(2009),No.6,1-7.
K.BalachandranandK.Uchiyama, ~Existenceof solutions of
quasilinear integrodifferential equations withnonlocalcondition,
Tokyo.J.Math. 23 (2000),203-210.

0.Caps,Evolution equationsinscalesofBanach
Verlag, TeubnerVerlag,2002.

A.G.Kartsatos, The existence ofboundedsolutions
onthereallineofperturbed nonlinearevolution equations ingeneral
Banach spaces, Non linearAnal., 17(1991),1085-1092.

(1]
[2]

31

(4]

spaces,

(5]

(6]
[71

S.Kato, Nonhomogeneousquasilinearevolution
Banachspaces,NonlinearAnal.9 (1985),1061-1071.
T. Kato, Nonlinear semigroups and evolution equations
inBanach spaces,J.Math. Soc.Japan,
19(1967),508-520.

T.Kato, Quasilinearequations
applicationstopartial differential
NotesinMath. 448(1975),25-70.

equationsin

with
Lecture

ofevolution
equations,

(8]

www.erpublication.org



International Journal of Engineering and Technical Research (IJETR)
ISSN: 2321-0869, Volume-2, Issue-4, April 2014

[9] [9]T. Kato, Abstractevolution equation linear andquasilinear,
revisited, Lecture Notes in Math.1540(1993),103-125.

[10] [10]H.Oka,Abstractquasilinear\Volterraintegrodifferential
equations, Nonlinear Anal. 28 (1997), 1019-1045.

[11] [11]H.Oka andN.Tanaka,Abstract
quasilinearintegrodifferentialequations  ofhyperbolictype,Non-
linearAnal.29(1997),903-925.

281 www.erpublication.org



