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On local existence and blow-up of solution for the
higher-order nonlinear Kirchhoff-type equation with
nonlinear strongly damped terms

Lei Ma, Wei Wang, Lei Ma

Abstract— In this paper ,we deal with the initial boundary
value problems for higher -order kirchhoff-type equation with
nonlinear strongly dissipation:

At first ,we prove the local existence and uniqueness of the
solution by Galerkin methodthen and contracting mapping
principle .Furthermore,we prove the global existence of solution
, At last,we consider that blow up of solution in finite time under
suitable condition .

Index Terms— Higher-order nonlinear Kirchhoff wave
equation;local existence; The existence and uniqueness; blow-up

I. INTRODUCTION

In this paper we concerned with global existence and
blow-up of solution for the following for Higher-order
Kirchhoff-type equation with nonlinear strongly dissipation :

U +(=2)"u, + (VU] ) A)"u +hiu) = ()
(1.1)

2,
U(X,t)=0, 8Vi a )
i=12---m-1xeoQt>0, (1.2)
UX0)=u, U =t(x) , xean (13)

Where Q< R? is bounded open domain with smooth

boundary; ¥ is the outer norm vector; M >1js a positive

integer, #(r) is a nonnegative locally Lipschitz, h(u,) is a
forcing, f(u) is a

(=A)"u

1
C — function, Uis a strongly dissipation.
There have been many researches on the global and blow-up
solution for Kirchhoff equation.we can see[1-8].

nonlinear nonlinear

Kosuke Ono [9] deals with the higher-order kirchhoff-type
equation with nonlinear dissipation:

U+ M (V) A+ v, = (), xeQ t>0 (4

U(x,0) =Uy(x): U (x0)=u,(x), and u(x,t)l,, =0 (15)
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In where €2is a bounded domain in R" with smooth

1
boundary oQ , M(r) iS a nonnegative C” function for

2 _ 2y
r 20 positive satisfying M (vu[") =a+bvu] with

a,b>0,a+b>0 and 721 and f(u) constants is

a+l
nonlinear C |f (u)| < k1|u| and

-function satisfying
f'(u)|<k,ul*

‘ ( )‘ 2| | with kl’kZ >Oand a>0 .he investigate

on global existence and blow up of solution .

Yaojun Ye [10] also studied the initial-boundary value
problem for a class of nonlinear higher-order kirchhoff-type

equation with dissipation term
2p

Au+alu,[""u, =bju| "u,

1

u, +||A%u

XeQ,t>O’ (1.6)
UX0)=us(x) U (x0)=u(x) , xeq,

a‘u(x,t)_0 .
u(x,t)=0, o' 1=12,-,m-1 Xe@Q,tZO.(lB)

(1.7)

_(_A\M
In a bounded domain,where A=(-4) ,m> lisa positive
integer ,a’b’ p> 0and q,r>2 are constants ,he obtains
the global existence of solutions by construction a stable set in

HM(Q) . .
and show the energy decay estimate by applying a
lemma of V.Komornik.

Takeshi Taniguchi [11] considered the existence of local
solution to a weakly damped wave equation of equation of
kirchhoff type the damped term and the source term

U (© =M (UO)AU® 7,0, +u, O u, ) = O U 1 gy
u(x,0) = Uy(x) ’ u,(x,0) =u,(x) and u(x, ), =0 Pa7, >0 (1.10)
u(0) =uy, u,(0)=u

u(x,t), =0

bounded domain in R" with smooth boundary and M(r) is
a locally Lipschitz function ,he discuss the global existence
and exponential asymptotic behavior of solution.
Recently,Gongwei Liu[ [12] concerned with the study of
damped wave equation of kirchhoff type

u, —M (||Vu||§)Au +Uu, =g(u).

with an initial value 1and the Dirichlet

boundary condition " where €2is an open

(1.11)
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Qx(0,0),

in with initial and Dirichlet boundary

condition.where €2 is the bound of R? have a smooth

boundary OQ under the assumption that 9 is a function with
exponential growth at infinity ,he proves global existence and
the decay property as well as blow-up of solutions in finite
time under suitable conditions.

The paper is arranged as follows.in section 2,we state some
preliminaries and some lemma ; in section 3,we obtain the
existence and uniqueness of the local solution by the Banach
contraction mapping principle ;in section 4,we discuss global
existence and nonexistence results ;in section 5,we discuss the
blow-up properties of solution for positive and negative initial

energy and estimate for blow-up time T,

Il. PRELIMINARIES
Throughout this paper ,for convenience,we denote the norm

2
and scalar product in () by ”” and (.,.); we use the next
notations

OLV):Iuvdx

2
Julf = [luf dx
Q y
Lo
Jul, = ([luf dx)®
Q .
where Ci(i=0--12), are constants,

In this section, we present some materials needed in the proof
of our results, we assume that

there exists some constants
(G)

| () < KiJu[+ Kol ™, k.1 >0,
(GZ) there exist some constants

() h(s)s=0, s R

@) W< Co@+[v™u )™ o< 5 <1

(3) ()] < kefu| ™ k,, p=0.

(G3) there exist a constant 'B >0, such that
f(Wu=(2+48)G(S) o an S€R
In this paper ,we will use the next well-know Lemmas

Lemma2.1[10] Let S be a  number
2n

N—2M then there is a
constant C depending on Qand S such that

with

o< <9 2<s<
SS<+oo,N< mand

m
”u”s S K (_A) ? ! m
YueH; (Q) 2.1)
Lemma2.2[13](young inequality )Let a,b and “ are
positive constants,such that
2m
0<r<

satisfy N—2M e have

P
absﬁ—aﬁhiEW Q£+1=L p>1q>1)

p qu P q 2.2)
Lemma2.3[14] Suppose that 6>0 g B(t) is a
nonnegative C2(0’+°o) function such that
B'(t)—4(5 +1)B'(t) + 4(5 +1)B(t) > 0. 23)

if
B'(0) > ,B(0) + K, 2.4)

Then we have vt>0,B (t)> Ko ,where KO is a constant

, = 2(5+1)-2 v (6+1)5 is smaller root of the equation

r> =4 +Dr+4(5+1)=0 (25)

Lemma2.4[14]If J(t) is a non-increasing function

on [to ’+OO)’t0 20 such that

. 2+£
J(t)’=a+b(t) ° vt, >0,

(2.6)
where a>0be R'Then there exists a finite timeT*such
that
limJ@®)=0
T . (2.7)
And the case that
. a
J(t,) <minfL,,[—3}
@ 1 0>0 " —b™  then
a
* 1 —_— b
T <t,+ In
° J-b a
7b -J (to)
- : (2.8)
T*<%+Jad
(i) 1f D=0 then Ja (2.9)
T* < ‘] (to)
(iii) If b>0 Ja or

Wi g e
T < t,+2 20 —{1-[1+cd(t,)]*}
Ja (2.10)

I11. EXISTENCE OF LOCAL SOLUTION

In this section ,we prove the existence of local solution to
problem (1.1)-(2.3) for initial value

(Uy,U) e HM(Q) N H*(Q)x H™(Q)

Theorem 3.1Suppose that (Gl)’(G?-) hold, for any give
(U, uy) € HM(Q) N HZ () x L ()
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u(t) € C([0,T,J; H (Q) nH*"(Q2))
u,(t) e C([0,T,J; (Y nH™(Q))
Proof we set forany | > O the Banach space
v(t) e C([O,TEH™NHYY,
X;r =1 (t) eC(IO, T L* nHY), ¢
p(v(t) <R

p(v) =[] +| )" pU,v)=sup p(u®)-v(t))

Where . Define distance t<0<T Then "~ TR

Is a complete metric space.
We define map the 4 :,V = x(V)=u.u is the unique solution of the following equation:
2
Uy +(=A)"u, + B[V Y=A)"u+h(u) = £ (v)

31

o' u(x t) _o,
u(x,t) =0, ov' 1=12,---,m-1, xeoQ,t>0. (32)
U(X’O) = uO(X)’ UI(X,O) = ul(X)’ XeQ ) (3.3)

we define map the | > Oand R>0 sych that

X
1) X maps " TR into itself;
2 X is a contraction mapping with respect to the metric d (’) .

X AT
Step 1.we will show that £ maps TR into itself, we multiply U, +&(=A)"u

(U + (=80 + 9V )A) U+ (), + (-8)"0) = (F (W), + (<)) )

(utt7ut + 8(_A)mu)

=S+ 2 A el 69

((=A)"u, +8(—A) u)

[yl + 5 gl

(3.6)

(¢(HV’"VH2)(—A)’“U U, +&(—A)"u)

- @)
28 P ey Pl .
‘i
dt
<[ @) e iivraf
<LR|v"ul

LR m |12
c ey
< Kop(u (t)) (3.8)

with both sides of equation (3.4).and obtain
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G(V™)(A)"u,u, + e(-A)"u)
> 2L vl
~ kop(U(®) + (V™| -A)"u[
(h(u,),u, +&(=A)"u)
= (h(u,),u,) +&(h(u,),(=A)"u) (3.10)
According to young inequality and G, ,such that
@l _ el
2 2 (3.11)

(3.9)

(h(u,),&(-A)"u) = -
)
<Cy1+[Vuy)?

2
<2C, +2C,[V"yy

(3.12)
(h(u,),(=A)"u)
> €, Coefuf - -l -
According to Lemma2.1 and (Gl) ,such that
(f(W),u +&(=A)")
< j (kM + koM Yudx+ & j (kM + koM ) (=A)"udx
< (V] + K V-l ||+8(k1IIVII+kz||V|IZiz (G A)”"UH
<R LR ||+('sk R R
z (3.14)
k \/_ k KRHl ék \/_ [;k KRr+l}
We take ,such that
(f (V),ut +e(-A)" )
<y (u ]+ (=2)"ul)
1
< ay(p(u))? (3.15)
From (3.5)and (3.15),we have
%%dlutllz +26(U, (-8)"0) + ] (-A)"u + (V™ )
ol ol -l -l
1
< 050(,0(u))E +x,p(u(t)) +C, (3.16)

QI et oy ey« S gv e+

+(1-&- T)an‘utu2 e ¢(HVmVH2)H a A)muHZ
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1 &
< ay(p(W)? +rop(u(®)) T2 PUD) ¢,

We e A UD) = Juf + 26 (a)"u) +g|-a)"ul + (v )v ] +2K,
o+ 22, (8)"u) + 2]yl + gDV + 2K,
> + 26U, (-8)"u) + & (-4)"u[

26U (-A)y"u) = 2l - §H<—A>”‘uH2

From (3.18) and (3.19),we have
I+ 2500, o)) + el -a)"ul + vVl 2K,
> (W-26)u + 2 -yl

. &
a, =min{l—-¢,—}
We take 2 ,such that

pu(®) = a(u +[-2md)
So
A U(D) 2 apu())

0 2, )+ A 5 oIV 2K g

< ay(pW)? +ropu®) T3 PO g,

e 2k, K
a,=1-¢-22 G S%
Where 1

AU+ g vy

2k, :
< %pl(u(t)) YA OB

So,we using Gronwall inequality,we obtain

Y
A U) +a, [[V7u [ ds
1 ’ (4ry+age)T

<{p )2+, T¥p

e PO =[] + 25, (~A)"ug) + & =8)"ug |+ (V™ 770 )+ 2K,

From we obtain
T
pU®)+a, [[V7u ds
0

)
<L o)+ 22 [[vnuds
[24] a

(3.17)

such that

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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(4ug+oage)T

<{p )2 +aT¥p ™

(3.27)
Therefore, we choose that parameters T and R ,we obtain
1 (4xp+age)T
{p,(u(0)2+a,T¥p ** <R~ (3.28)
So ,we finishes the proof of the first step.
Step 2 we will show that 4 is a contraction in X1k Jet V1 V2 € X1k ,such that x() =y
x(v;) =1, ,Setting W=U = then we have
2 2
W + (—A)™W, + (V™ ) AU = (V) (ATY,) +h(ug) —h(u,) = f () - (V)
(W, W, + (=A)" W)
1d
=——||Wt|| o (W (-A)"w) — gHV WH
dt (3.29)
((A)"w,, w, +g( A)"w)
- o +5 s
(3.30)

GV™ YA, =gV ) AT, W+ (-2)"W)
= (] ) A" W W+ £(-A)"w)
@V YA U, = V™ (A)" U, W+ (-2)"W)
1d 12\ lom. 112 )
S e DI g -aymf —za@(\\v w D
+ @OV - A", w)
@OV -V U, e(-0)"W)
>——¢<HV IV 4 gvmu Py -armw]
QD[] gl - Ay, )
=2l @) (v + VDVl - [Vl Ca) Ay
2 5 g DI sl armalf - Loy w]
=l @ 4™+ Vo] = [Vl ]
=2l @) (v + VDVl - [Vl Ca) Ay
25 5 DI s armalf Loy w
L 2" =) -2 e | ~ -y wf]
= Lo|8)" (=20 | -4)"w]
2 2P L cgom oyl
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~Li[p(v, ~ V) PLoW)I? — Lop(w(t))

From GZ .we have

(h(uy) =~ h(U,), W+ £(-A)"W)
<L + Lo -2)mwf

< Bp(W(t))
Where ﬁo = max{L4, LS} _
From Gl and Lemma 2.1 we have

(f(v) = (%), W +&(=A)"W)

< I Ko (vl = v+ Ky (™ =)l
Q

r+1

[l =D+ (] = )| (=2) "wielx
Q

(-A)"w|
ko, + ol D = Vol 20 [

< L a)" =) e+ Lo (20" (= v -0
< Lo, ~VF Lo + Loy, ~v) F Lo

From (3.29)-(3.33),we obtain

Sl + 5w o + o 223 + 2o, -2y w)

v =]+ (v Dl-aymd

(k, +k, (”Vl”;r + ||V2||;r)”v1 ~Vy| 20
< n-2

~L[p(v, ~V,) PLoW)? — Lop(w(t)) — Bop(wt))
< Llp(v, ~V,) PLoW)I? + Li[o(v, —v,) [ o(W(t)

From (3.34) we obtain
%dlwtllz + (v DIV + e -a)" W+ 26w, (-2)"w))

< (Lo + B) P(W(D) + (Ly + Ly + L) [o (v~ V) PLp(W)T?

Where we set
2, W(®) =i+ (V™) + Ayl +26 0w, (-2)"w)
&

26w, (-8)"w) 2 2e)wf £ |(-2)"wf

Then we have
P (W(t))

=[w ] + g™ VW + e -a)w + 260w, (-a)"w)
> w* + & (-a) " +26(w, ()" w)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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> (L-2¢&)|w| + %H(—Nm Wﬂz

> B (w +|-2)"w)

(3.38)
S =min{l- 25,5}
Where 2
dp, (w(t))
dt
< (Lo + By) p(W(D) + (Ls + Ly + L) [p (v v, RLo(w)J? 5.39)
< (20 5, W)+ (L, + Ly + Lo) 0, (4 (0)~v, () P, (W) ¥
B B (3.40)
Where P2 (w(0)) = O_
Therefore ,we use Gronwall inequality, we have
s (Lo+ﬂljo)T
py(wty) < (Lt Te = sup p(u(t) =V (1) (3.41)
So,we have
sup P () -u, (1) <Cr g sup PV (1) =V, (1)) 3.42)

(Lo+Bo)T
Where Crr=(Ltl+ Lg)sze 8 .

<1
It is easy see re CT'R forasmall T >0.
we finishes the proof of the second step.By applying the Banach contraction mapping theorem,the proof of Theorem 3.1 is now
complete.

IV. THE BLOW-UP IN FINITE TIME

 f —
In this section, we consider the blow-up of solution ,we assume that #(s) =5 : q=0 , h(ut) u

became

U () + (-8)"u, () + [V (A)"u® +u, (1) = F )

tsuch problems (1.1)-(1.3)

4.1)
Next,we define the energy function of the solution U of (4.1)
1, 2 1 2(q+1)
E@)==|uf + [v7u[ ™ - [Gu)dx,
2 2(g+1) i 4.2)
G(s) = [ g(s)ds.
where 0
Then,we have
t
EM) =E©) - [(v"u] +]u)ds,
0 (4.3)
1, 2 1 2(q+D)
EQ©)==|u| + —HV’“UOH — | G(u,)dx.
where 2 2(q+1) i

Definition4.1 A solution u(t) of (4.1) is called a blow-up solution if there exist a finite timeT* such that
. 2 2
Ilm_"(‘vmu‘ +u[")dx = +oo.
t>T
7o (4.4)
For the next lemma,we define

8 www.erpublication.org
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YO =Y ) =Ju®] + [ Que) +|[vuE)| s
0 . for t>0.

5 2+4p5 250
Lemma 4.1 Assume (G ) ( )hold Let q +1 then we have

Y’ ©)-4(B+D)u = (-4-8B)E(0) + (4+8B)I[ (Ju,(s)|+|V"uc(s)]pds].

Proof. From (4.5),we have
Y(t)= 2J.uutdx+||u(t)||2 +HV”‘UHZ,
Q

and
Y (©) =2u @ -2v7ul ™ + 2] £ (uudx
Q

From above equation and the energy identity, we have

V=4l = (4-8ME) + (48[ ul"+ vl )os

‘ j @2f U)u- (4+8,B)G(u))dx+{i+4ﬂ [ ~ 2wy,
there form the assumption (G ) ,we have
2 j (f (U)u - (2+4ﬂ)G(u))dx+[ +4ﬂ AT ! AL ey B}
So ,we obtain (4.6)

E(0)

Now, we can consider there different cases on the sign of initial energy
If E(0) <0 ,from (4.6),we have
Y (t) > (-4-8)E(0),

integration (4.11) over [0.,t] ,we have that
Y'(t)>Y ' (0)-4(1+28)E(O)t.

. 2 2
Thus ,we get Y () > uo| +vauou for 1> where

Y O~ (o[ +[v"u, )
4(1+ B)E(0)

,from (4.6) we have

O}

t" = max{
i+ E(0)=0
Y 24+ Dfu) + @+ B[ (uf +[v7u[ )ds =0 .

Integration (4.9)over[0,1],we have
Y >Y'(0)

Y'(0)> ||Uo||2 N vauouz | i.ei Uyu,dx >0

Furthermore,if ,S0
YO 2Y0> [V +Hul s
If E(O) >0 we first note that

9

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Z(jjuutdxdtJrj”vmuv”‘utdxds) = ||u||2 +HVmuH2 —~ (||u0||2 +HV”‘u0H2).
0Q 0Q (4.10)
By using Holder inequality and (4.10 ) we have

t t t t
Ju®[ +[vu®| < u|” + 7o + [Jucs)Fds + [Ju ) ds+ [[vmu()| ds+ [[v"u, ()] ds
0 0 0 0

so,from above ,we obtain

Y (1) = 2[uudx+ u®F + v < u@) +u OF +u)f +[vue)]
Q
t t t t
<l v+ [t s+ [l @) s+ flvrucs)fos+ [[vu of os
0 0 0 0

+u)* +Ju. @) (4.11)

t t
YO <Y O +u O +[70] +uolf + [0 (5)] ds + [Ju(s)] ds
0 0

(4.13)
Form above inequality and (4.6),we obtain
Y (t)-4(B8+DY (1) +4Q1+ L)Y (1) +Y, >0. (4.12)
Where
2
Y, = (4+8B)E(0) +4(1+ B) (5| +[V"u, ). w1
Setting
Bt =Y (t) +—
4(1+ﬂ) t>0 (4.19)
Then B(t) satisfies Lemma 2.3 ,if
. Y 2 2
Y (0) > r,[Y(0) + —2—]+[u,| +|V"u
’ 4L+ ) ol H OH (4.20)
. 2 m 2
Then Y >||u°|| +HV UOH forall t>0

Lemma 4.2Assume that (G) and (G3) hold and that either one of the following conditions is satisfied
E(0)<O.

Iuouldx >0

and @ ;

E(0)=0

Y'(0) > ug|f +HV"‘u0H2

E(0)> 0 4ng (4.20) holds,then forall t>0

where t=1js given by (4.13) in case(1) ;tO =0 in cases (2) and (3).
Proof .we can prove this Lemma4.2 by Lemma 4.1.

Theorem 4.1 Under the assumptions (Gl) and (G3) ,and that either one of the following condition is satisfied:
E(0)<O.

Iuouldx> 0
E(0)=0,.4 ;
([ uoudx)?
0<E(0)< =

2(T, +1)(”Vmuuz +||u0||2) > and by (4.20) hold .

where Tlto be chosen later
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Then the solution U blow-up at finite T ,and T*can be estimate by (4.35)-(4.38), respectively,according to the sign of

Proof. Let
IO =0 O (uo +[v"u[ N?  te[oT]

where T is some certain constant which will be chosen later .Then we get

IO =B P 1)+ - (u| + [v™u, )

And
YO=-A1 VO
VO =Y O 0+ T, ) + [ 1- @+ B @) — o +[V"u] )

Next we denote

Q= I“VmU(S)HZdS S= IHVmut (s)szs

P =[u(®)[- R=[u@)
By (4.7) and (4.9), and Holder inequality we have

Y'()=2[ut)y, (£)dx+|Jug” +HVmu0H2 + 2} [W(s)u,(s)+V"u(s)V"u,(s))dxds

-2m t m | = m |12 =
<u + vl + Zucofjuo) 24 Il ey
<Juff +[v7uf + oypR +2047m 41 QS

<Ju + [V + (/PR +QS)

—-2m

where ¥ =2+24
From (4.6),we have

Y (t)>(-4-8B)E(0)+(4+85)(R+S)
From(4.24)-(4.27),we have

V()2 [(-4-8B)E(0) + 40+ A)R+S)IY ®)+ (T, ~t)(uy +[V"u,| )
~ @AY @)~ (uo + 7w ))

> (-4—8B)E(0)I(t)” +4(L+ B)(R+S)(T, —t)(|u,|] +vauouz)
+4(L+ AI(R+S)(P+Q) - (VPR +,/Q5)’]

;1
> (-4-8B)E(0)JI(t)”. t>t,
from (4.23) we obtain

1) < BA+8REO)IM) P. tat,

E0).

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

Now that by Lemma2.4 that J (<0 for t>1 multiplying (4.29) by J () and integrating it from Lt ,we have

TOz0+dM) 7, t2t,
Where
0=F0) Y ()~ (] + [V u) -8E©)I (1) ]
x =8°E(0).

and
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(4.30)

(4.31)
(4.33)
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On local existence and blow-up of solution for the higher-order nonlinear Kirchhoff-type equation with nonlinear
strongly damped terms

We observe that

Y (t) = (o] +[V"us] )

E(0) <

@ >0 if and if only

Then by Lemma4.2 ,there exists a finite time T ,such that

E(0)

Jrespectively ,according to the sign of ,we obtain

lim Quay + I (ues)I + HVmU(S)HZ)) = +o0

The upper bounds of T are estimate as follows by Lemma4.2
In case (1),we have

T*sto—LtO).
J(t)

] w
J(t,) < mln{l,W/—}
Furthermore if —K ,then we obtain

@

In case (2),

T*sto—LtO). T <t,-
J(t) ’

In case (3)

3p4+1
T <t,+2%

) v3

Jo 4 Vo
B

c=(%) *

[0

T < {L-[1+cJ (to)]z;ﬂ}

Where

Remark4.1 that in we observe that the choice of T
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