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The Global Attractors for the Higher-order
Kirchhoff-type Equation with Nonlinear Strongly
Damped Term

Guoguang Lin, Yuting Sun

Abstract— The paper studies the longtime behavior of
solutions to the initial boundary value problem for a class of
Higher-order Kirchhoff models:

U, +of vl ) AU+ g(x,u) = £ (X).

VU )(-4)"u, + ¢

For strong nonlinear damping & and ¢ , we make assumptions

(H1)-(H3). g(x, u) are nonlinear function specified later , we

make assumptions (G1)-(G3). Under of the proper assume, the
main results are existence and uniqueness of the solution are
proved , and deal with the global attractors in natural energy

space X =Hg xH.

Index Terms— strongly nonlinear damped, Higher-order
Kirchhoff equation, the global attractors. 2010 Mathematics
Classification: 35B41, 35G31

I. INTRODUCTION

We consider the following  Higher-order
Kirchhoff-type equation with nonlinear strongly damping:

U, + oVl Ya)mu, + gV U AU+ g (x,u) = F(X), (x,) € Qx[0, 490),

(1.1)
u(x,t) =0, i“.:o, i=12,...m-1 xeoQ,t e (0,+x),
ov'
(1.2)
u(x,0) =u,(x), u,(x,0) =u,(x), xeQ.
(1.3)

where Q is a bounded domain of R" with a smooth dirichlet
boundary 0€2 and initial value, and m > 1 is an integer
constant. Moreover, v is the unit outward normal on

0Q .o (S) and ¢@(S) are scalar functions specified later,

g(X, u) are nonlinear function specified later. And f (X) is
an external force term.

This kind of wave models goes back to G. Kirchhoff Error!
Reference source not found.. In 1883,Kirchhoff proposed
the following model in the study of elastic string free
vibration:
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U, — AU —M (“Vu||2)Au =f(x,u) (14)

where ¢ is associated with the initial tension, M is related
to the material properties of the rope, and u(X,t) indicates

the vertical displacement at the X point on the t. The
equation is more accurate than the classical wave equation to
describe the motion of an elastic rod.

This kind of wave models has been studied by many
authors under different types of hypotheses. There have been
many researchers on the global attractors existence of
Kirchhoff equation, we can refer 0 0 Error! Reference
source not found. Error! Reference source not found.
Error! Reference source not found.. What’s more, the
global attractors for the Higher-order Kirchhoff-type equation
are investigated and we refer to Error! Reference source not
found. Error! Reference source not found..

Igor Chueshov Error! Reference source not found.
studied the longtime dynamics of Kirchhoff wave models with
strong nonlinear damping:

by = (IVul* )(a)u, ~g(|Vul* ) (a)u+ T (u) =h(u).xe @t >0.

(1.5)
in natural energy space
H(Q): Hé(Q)ﬂ Lp”(Q)x LZ(Q) . His results allow
that the growth exponent P of the nonlinearity g(u) is
supercritical, that is, p"<p<p”™ . Here the growth
exponent p” is called critical for H*(Q) < LP*(Q) as
p < p*. He established a finite-dimensional global attractor

in the sense of partially strong topology in H(Q). In

particular, in nonsupercritical case: (i) the partially strong
topology becomes strong; (ii) an exponential attractor is

obtained in H(Q) by virtue of the strong quasi-stability

estimates. Moreover, Chueshov[3] also studied the global
well-posedness and the longtime dynamics for the Kirchhoff
equations with a structural damping of the form

a(“VUHZX— A)g U, , with % <@ <1, at an abstract level.

For the related works on the quasilinear wave equations
(rather than the semilinear ones) with strong damping.

Recently, Yang, Ding and Liu[4] put forward a
functional analysis method and used it to construct a a

bounded absorbing set in H(Q), which is of higher
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global-regularity. They removed the restriction of “partially
strong topology” for H (Q) in [2] and established a strong
global attractor in supercritical nonlinearity case.

About Higher-order Kirchhoff-type equation, Ling
Chen, Wei Wang and Guoguang Lin[7] investigate the global
well-posedness and the longtime dynamics of solution for the

higher-order Kirchhoff-type equation with nonlinear strongly
dissipation:

U + (0™ + 4D )M M+ g (u) = £(x)

(1.6)

Under of the proper assume, the main results are that
existence and uniqueness of the solution is prove by using
priori estimate and Galerkin method, the existence of the
global attractor with finite-dimension, and estimation
Hausdorff and fractal dimension of the global.

Subsequently, Yuting Sun, Yunlong Gao and Guoguang
Lin[8] investigate the global well-posedness and the global
attractors of the solutions for the Higher-order Kirchhoff-type
wave equation with nonlinear strongly damping:

o[ )-)" w77 )(-4)"u= £ (%)
(1.7)

For strong nonlinear damping o and ¢ , we make

assumptions (H,) - (Hy). Under of the proper assume, the main
results are existence and uniqueness of the solution in

H®" (Q)x Hg' (Q) are proved by Galerkin method, and deal
with the global attractors.

At present, most Higher-order Kirchhoff-type equations
investigate the global. On the basis of Yang, we investigate
the global attractor of the higher-order Kirchhoff-type
equation (1.1) with strong nonlinear damping. Such problems

2
have been studied by many authors, but G(HV”‘UH ) is a

2
definite constant and even O'(HV”‘UH ) = 0. Generally, the

equation exist a nonlinear g(u). But in the paper,

2
O'(HVmUH) is a scalar function and exist a

nonlinear g(X,U) . In section 2, we give some proper

assumes. In section 3, the existence and uniqueness of
solution is proved. In section 4, we deal with the global
attractor.

Il. PRELIMINARIES

For brevity, we denote the simple symbol, H =L2(Q),
HI =HMQ),HI " =
H(;n_l(Q) , X=HgxH , f=1f(x), |||| represents

norm, ( ) ) represents inner product. A is the first eigenvalue
of the operator (— A) .Cisaconstant.

In this section, we present some assumptions need in the proof
of our results. For this reason, we assume nonlinear term

g(-,O) € L2 satisfies that

G1) N =2, & <c@+uf™), p>1
ou
Og p-1 N+2
N=3 <cll 1<p< :
(G2) y c( +|ul ) P N2

(63) G(u) = [ Gx.u)dx, G(x,u)= jo g(x,7)dz

We make the following hypotheses on the function O'(S) and
#(s):

(H1) ¢(s)eC' and o(s)eC';

(H2) ¢'(S) > 0 amd 0'(5 > 0;

(h3) #(s)>0, and o(s)>0.

1. THE EXISTENCE AND UNIQUENESS OF SOLUTION

Lemma 3.1 [5](Gronwall-type lemma) Let X be a Banach
space, and let ZCC(R+,X . Let ®: X >R be a
continuous function such that

sup @(z(t)) > -7, ®(z(0))<K.
teR*
(3.1)
for some 77, K >0and every Ze Z . In addition, assume

that for every zeZ the function tr>®(z(t)) is

continuously differentiable, and satisfies the differentiable
inequality

SaO)+ () <k

3.2)
for some 6 >0 and K > 0 independent of Ze Z . Then,

K
>0 , such that

+
forevery ¥ >0, thereis t; = 1
4

CD(z(t))Ssu)[(J{CD(g): Slet <k+y} t=t,
Ge
(3.3)

Lemma 3.2[5] Let y: R"—R" be an absolutely
continuous function satisfying

% y(t)+2&y(t)<h@)y(t)+z(t), t>0
(3.4)
IOC(R*), J: h(zlz < g(t—s)+m

where £>0, zel}

www.erpublication.org



International Journal of Modern Communication Technologies & Research (IJIMCTR)

for t>5>0 and some m > 0. Then

y(t)<e™(y(0)e ™ + j;|z(t)e‘g(“”dr), t>0
(3.5)

Theorem 3.1[5] Let assumption (G1)-(G3) and (H1)-(H3)
be in force. Then problem (1.1)-(1.3) admits a unique solution

uel”(0,0;H;") with U, € L°°(O,oo; Lz)ﬂ
LZ(O,oo; H(;") . This solution possesses the following
propertiess:

)

Y Y (LN PSR T
(3.6)

(2) Forany a>0,

u, Lw(a,T; H(;n)y u, € Lw(a'T; HO—m)

(3.7)
and there exists a small contant a, > 0, such that
2
Vulf + v <R e, t50
(3.8)
(3) The following Lipschitz continuity holds:
.2 <l 2 )
(3.9)

for some a; >0, where Z:ul—uz, ul,u2 are the
solution of problem (1.1)-(1.3) corresponding to initial data
(u('),ul') i =12, respectively.

Proof: (1) Weuse U, + &U multiply both sides of equation
(1.1) and obtain,

L&)+ K& 0)-0

where & (t)=(u(t).u, (t)
(¢, (t)):;[utz + ﬂVM“HZ #(s)ds +2G(u)-2(f ,u)]+g[ ﬂvmu\\z (,(s)ds+(u‘,u)j

(3.11)

(3.10)

K& O)=of [7ul 77 =l +o{ ool Jmuf + ogt.u))-e 1.0

(3.12)
Obviously, ®: X — Ris continuous function.
From hypothesis, we get
(&, ()= Juff + |V (1)),
(3.13)
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(6,00 209"+l +|vulf ) ~c(] )
(3.14)

where a,b >0 and a,bis very small.

Substituting (3.13), (3.14) into (3.10), we have

S (e, 0)+ale, o) <c(1))

(3.15)

According to Lemma 3.1, we get

NG (t)):sup{cb(gﬁgi el )”} t2t, = c(Ro.| )

a

(3.16)

Hence,

Ju +[vmu” < cRy | £ W2t
(3.17)

Integrating (3.15) over the interval [ ) t], and t<t,, we
can get

Jug|* +HV”‘uH2 <c(Ry,|f]) Vtelot,]
(3.18)

Combining (3.17) and (3.18), when & = 0, integrating (3.10)
over the interval [O, t], we obtain

m (1
jo Hv ”t” dz <c(|Ry|| f[)
(3.19)
According to (3.17), (3.18) and (3.19), we have

Ju +[vma + EHV"‘utszr <c(Ro.|f])
(3.20)
(2) Let V=uU,,
oo [vul Y v of o] - arv+ v Huuit) -0
(3.21)

where

H(u,u;t)= Z(J’(“VmuHZJ(—A)’"v+ ¢’(HV"‘UH2)(—A)“‘UJ(V"’U, va)

We use (—A)_mvt + &V multiply both sides of equation
(3.21), and we get

d
+e—(v,,v)- g||vt||2

(e (-A) ™, +6")=%%“Vmw 2 dt
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(o(lvmu ) arvo-a) v, +ov) e[V + v )= )< b [V + o)
i i d o 3.30

= o[ Yl + £ oo Yo 30
m d m m

:G(”v u||2)||vt||2+%a(go{||v u||2j||v V[

_g”V”‘v”zo-’(”Vmu”Z)(Vmu,va)

According to (3.29), we obtain,

%‘P+a2\11+a3||vt||2 <cfvnw+ ey

(3.31)
(3.23)
When t € (0,1], we use t*(a > 2) multiply both sides of

(v e arveay o) = jvoull Joow-ed ol ¥ equation (3.31) and obain,

. (3.24) ’ 2
(H (000 A) "y, +2v) a(tmp)+ at W +at’|v|
= Z(U’(HVNUHZJ(V,vt)(V'“u,va)+ ¢’[vauH2)(u,vt)(Vmu,V’“v)) 2
, , , , sCHvat"“{'+Ct“ V”‘VH

vo-2( o[ o] v ¢ (vl Yol (vru,vn) 2 2
< CRHV’“vHHth +5CR((V’"U,V"‘V)2 +(V"‘u,V'"v}‘vaH2J + (lta_le (Hv_thH + HV mVH )
3CRHVW'VHHWH+“>{3R(1+HVmVHJ‘VmVHZ . (3.32)

(3.25) Due to

2 _ 2-6
TR R IR I T T LA Yy SO PR
ou ou < ou (3.33)
(3.26)
. We can get
From assumption, we have
2
Vv <Ct v < av | +C,.
(Z_g.v,(_ A)_mvtj [, 99 v (- a) "y . (334)
! u,l Because (1.1), we have

< (M- a) ™ + a2 )
< [ oo ()=t Ja e[+ -2)( -t
(3.27) , (3.35)
o[, 2 vidx = Clelvff + elul M2, )= v [a)u<ce+[ olupx<C,

(3.28) . (3.36)
Combining (3.22)-(3.28), we receive, Therefore, by the above inequality
%@vav‘\r + g(vt,v)+%go{HVmuHZJHV’“vHZ) %(t“\y)+ at“ ¥ +at? [v,[* < [Vt + ab, [VV]
s (A A= (T : (3.37)
<Cq HV"‘VH “|IVe]| + £Cr (1+ HV"‘VHJ‘V"‘“VHZ + v |? Owing to
+ v o (v ) mu v ) )

> 1

_¢(vauH2)(V, v)+&|[vVmy, HZ + CHV’“VHZ CJ.Sl VmV”dz' < C(J:”Vmut”d 2')2 (t—s)z < ;(t —s)+m
< éCR(1+HV"‘vH)‘V’”vH2 +2&|v | +5'HV*’”th2 : (3.38)

(3.29)  and by Lemma 3.2, we have
Let . 2 . ) 2 t?’y < C,, (3.39)
V)=V el v S oo VU TV s
Obviously, HV*muttHZ + HVmutHZ < %, O<t<l.

(3.40)
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When t >1, and according to (3.31) and Lemma 3.2, we will
obtain

2 2
[V"u | +[vru <ce +c<c

. (3.41)
Combining (3.40) and (3.41), we get
2
Vuf + v < e e, t50
(3.42)

(3) Let z=uU'—u?, ui(i =1,2) is the solution of the
problem (1.1)-(1.3), and (u(i),uli)eX :
equations subtract and obtain

Then the two

1 m 1 m
Zy +§O-12(t)(_A) 4 +E¢12(t)(_A) Z+GIZ(ul’u2;t): 0
(3.43)

where Oy, =0, + 0y ¢1z = ¢1 + ¢2

o= [Vl ). a=4vu Ji-12

Glz(ul, uz;t): %{(0'1 —o, (=A)" (u‘1 +uf)+ (- N=A)" (u1 +u2)}
+gu')-gl.u?)
By multiplying (3.43) by Z, , we get

1d, .1
Sl +

LIl Soudval + e Sl 2y )] Guz)=o

(3.44)
By multiplying (3.43) by Z , we get

S o2+ 5o V"2 + 2 4]V + G 2) =2
(3.45)
About (3.45), we have

%((zt,z)+§oqumzH2)+§¢12vazH2 +(g¢uh-g(.u?).2)
+%((¢l ~gX-A) (ul + uz), z) +%((0'1 —o,\-A)" (url +uf )' 7)
=z} + %HV”“ZHZ(Q’(V"“UE VUl )+ o3 (Viu?, viu?))

(3.46)

Handle some items of (3.46), as follow

%((4151 —g =AY (U +0%) 2) = g, (V(ut +u?) V22,
(3.47)

where

ISSN: 2321-0850, Volume-5, Issue-7, July 2017

~ 1

G =5 [ (A + -2 Jaazo.

‘((61 — 0, )(_ A)m (utl + utz )’ Z)
=‘(61 —62)(Vmut1 +Vmuf,sz}

<Cyl[vrut] + oo
(3.48)

HV“’ZHZ (o1(V™ut, VUl )+ o (Vu?, Vu?)

<Calfvrut+vrui}veof

(3.49)
(9¢,ut)-g(,u?),z2)
< cj(‘ul‘ - ‘uz‘ P +1j|z|2 dx
<of( o)+ ol il 1
2
< CHVmZH
(3.50)

From the above, we have
%(( : Z)+%012HszHZ)+%¢12HszH2 <|zJ* +CR(1+vau'1H+vaut2H]‘vmsz
(3.52)

Now, we deal with (3.44)

(6121 Zt) = Gl (t)+ GZ (t)+ GS (t)
(3.52)

wnere Gy (6)=2 (0, ((-a)" (u +u7) 2

G, (t) =, (VU + VU2, V"z) (V" (U +0%), V")
G, (t) :(g (x.u')—-g(xu?), zt)

|G, +G,|<C, HV”‘zt HHszH
(3.53)

Gol<cf, (w1l ox

-1
<l (2412l )

<a[[vnz[ +clvr

p-1

+‘u

p+1
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b (sz,szt)s a, Hszt HZ +C HV"‘ZHZ

(3.55)
From the above, we get
2 dt Slalf +a|vaff <clvre|

(3.56)
Let

o =z +n[<z, 2)+ 70 ||vmz||2j ~ [z +ve|f

. (3.57)
Combining (3.51) and (3.56), we obtain
gt <C, (L+][vmu]+[vmu?] )@
(3.58)
therefore
2.2l <c(jz.2)f, Je
(3.59)
IV. THE GLOBAL ATTRACTOR
Definition  mapping S(t): X =X such  that

S(t)(ug,u;)=(u,u,), where U is the solution of the
problem (1.1). According to theorem 3.1, S (t) constitute
the continuous operator semigroup in X .

Theorem 4.1 Under the assume Theorem 3.1, the continuous
operator semigroup S (t) exists the bounded absorbing set.

Lemma 4.1 Let the assumption of Theorem 3.1 be in force,
and ul, u? be two solution of the problem (1.1)-(1.3)
corresponding to initial data (u(i),uli) eX,i=12

z=u'—u?. Then

2.2 ) <l 2 = +cfpe ™ vmef o
(4.1)

Proof The proof process of this part is similar to
Theorem 3.1(3).

Now, we deal with (3.44) again.

Gil<cf ("
<[zl +

m m-1
<a,|[V"z[ o[V

+‘u2‘p71 +1)|z||zt|dx

' lel, e,

e

p+1

4.2)

By (3.52), (3.53), (3 55) and (4.2), we have

2dt Sl +avraf scfvef
(4.3)

Combining (3.51) and (4.3), we obtain

S a|vaf raor <c|vn izl o (L |v i o
(4.4)
Therefore
2.2 <c(l(z. 2\ +ct k(1) ygm-tg ) g -
1 X 0171 X
(4.5)

Theorem 4.2 Under the assume Theorem 3.1, the semigroup
S (t) exists the global attractor in X .

Proof.

Set

wmn :Un(t-i-tn —T)—Um(t+tm _T), tn >tm >T >0
, We have

(w

u"(t, —T +s)—u™(t, —T+s)||

O<s<t

(4.6)
According to (3.59), we get
Jowow ), < ([(wor ) Je +cfoe 7 [vw] de
: (4.7)
Take {(ug,u{‘ )} B, H(ug,ul“) SR then

{u”(t)} is the solution of the problem (1.1),

u" € C(0,+00; Hy" )NCH (0, +o0; L*).
Wetake t, >t >T >0, then
w™ =u"(t+t, -T)-u"(t+t,-T), t=0

(4.8)

By (4.7), we have

(w™, w’“”) <ce™ +osup [Vt ~T +5)- V™" —T+s)“2

0<s<t

(4.9)

When t =T , we receive
2
H (U ) —u" ) ) Ul e

VNt +5) -Vt +s)H
(4.10)

<ce™ +csup
0<s<T

Because
C(O,C;Hg‘)ﬂCI(O,C; LZ)CC(O,C;HSH), for any

c>0, we can pull out a subsequence {u”'} in

www.erpublication.org
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C (O, C: Hg"l) , and it is convergence. For any & >0, we
set T >0, firstly, such that

_ &
ce ' < (4.11)

Then, when m’, n’is largh enough, we have

sup

0<s<T

V™t +s) - V™™ (¢ + S)H2 < % .
(4.12)

Therefore

(o € -0 e @) -ur ) <
(4.13)

Thus, continuous  operator  semigroup S(t) is

asymptotically compact. So, the semigroup S(t) in X
exists the global attractor.
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