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Darboux transformation and rational solutions for the
general Hirota equation

Fei Chen

Abstract— In this paper, we investigate the rational
solutions of the general Hirota equation by the generalized
Darboux transformation. Based on two kinds of seed solutions,
the rogue wave solutions and lump solutions are derived in
terms of rational forms. It is shown that this equation supports
lump solutions with constant boundary condition.
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. INTRODUCTION

The Darboux transformation (DT) [1]-[3], originating from
the work of Darboux in 1882 on the Sturm-Liouville
equation, is a powerful method for constructing exact
solutions of nonlinear wave equations [4]-[9]. The
Darboux theory is presented in several monographs and
review papers [1, 2]. In the literature, various approaches
have been proposed to find a DT for a given equation, for
instance, the operator factorization method [10], the gauge
transformation method [11], and the loop group
transformation [12]. It is remarked that the DT is very
efficient for construction of rouge wave solutions, which
have gained more and more interests in the study of
physics. In this paper, we study the general Hirota equation

Uy = 10 g + 20w+ 0n) 4 € (g0 60 ),

where is the complex amplitude of the pulse envelope, the
parameter e denotes the relative width of the spectrum that
arises due to the quasi-monochromocity, and ® is a
constant. The aim of this paper is to construct the rational
solutions of Eq. (1) by DT, including the rogue wave
solutions and lump solutions.

This paper is organized as follows. In Section 2, the
N-step Darboux transformation and generalized Darboux
transformation for the general Hirota equation are proposed.
In Section 3, some rational rogue wave and lump solutions of
the general Hirota equation are derived and their figures are
plotted. The main results of the paper are summarized in
Section 4.
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II. THE GENERALIZED DARBOUX TRANSFORMATION

The Lax pair (i.e. linear spectral problem) [13] of the
general Hirota equation (1) is

pr=Ugp, wr =V,

)
where the matrices U and V have the forms
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whereg = (f,g)" (here T denotes the transpose) , A is the

spectral parameter, aio = ¢ty + i @y, + 2 ¢ |u|? u and

app = euyut —eutu+iolul?+ l iaw,

ag = —eut, +iout —2e|u?ut

DT technique is a method which can derive exact
solutions from trivial seed solutions in a purely algebraic
procedure for the integrable nonlinear wave equations
[14]-[18]. Main feature of DT is that the Lax pair
associated with the nonlinear wave equations remains
covariant under the gauge transformation. For the Lax pair
(2) with (3) , we first construct the gauge transformation

e =TW o = (AT -9,
4)

where T denotes the identity matrix and S5 = (: fj))zm isa
2 x 2matrix. Further, if matrix S takes the following form

S—HAE wih A=( Y V), mo( ] q‘ )
g1

0 A
It can be verified that if { f1. ¢,)” is a solution of Lax pair

(2) with X = Xy, then(—g7, fi) is also the solution of Lax
pair(2) corresponding toA = A}. Thus under the gauge

transformation (") = T(1) ¢, the Lax pair (2) becomes

o) = g o), %Pil) =V 1) (6)
where U™ and V() have the same forms as {7 and V in
Eq (3) except replacing « with ("),
Through the gauge transformation (4) and Egs. (5)-(6),
the 1-step DT of the Eqg. (1) is found as
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where
A=l 0 0 (M =ADf
T = AN -5 = 11 12 , é()_ 9 8
s A-sY 2= A g2 ®

Furthermore, letys = (f2, g2)7 be a solution of Lax pair (2) at A = A,. Employing the map \,0(1) T | =, 2 With

D — (£ g8 we have the 2-step DT of the Eq. (1) as

1
e =TAOTW o @ = 1) 245 =y — 24 > 53, 9
where
1 1 ay p(1)x (1)
r@ _ [ A st sy RO (A2 — A3 fs"" b (10)
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The 2-step DT may be iterated sequentially. In the general case, we have the following theorem:

Theorem 1. Let ¢, (k=1,2,.--,N) be Ndistinct solutions of the Eq. (2) at A, then the N-step DT of Eq. (
1)is

n—1
Lp(ﬂ-) — pln) pln=1) | (1) ©, ™ = 925 Z Sé{)\ (11)
where 9‘9?}21 - ]3-{—1’9;-}—1)1- ( ATE-1). T(l))‘)\:)\jJrl Pji+1 and
* (7)) * _(4)
T+ A= (’5’(1;1 —5172()) ngl) _ A1 = /\j+l)jj+1 9'7+1. (12)
—sg A - s F0 2+ gy 12

Next, we begin to search for a generalized DT of the general Hirota equatlon (1). Suppose that s = 1 (A +0)isa

special solution for Eq. (2), then after transformation we have\,,m T( )apz Expanding @2 at A4, we have [19]
o1 +o) = +ello+ oo+ 4 plMe b (13)
Wherec,.o[1 ) = = 1, [ 1= .!% % ©1 (AN)|a=x,and oo is a small parameter. Through the limit process
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we can find another solution to the Eq. (2) withz:(!) and spectral parameter A = ;. Continuing the above process and combining
all the DT, a generalized DT is constructed. Thus we have the following theorem:

il = !, (14)

= o1 + T e, @

Theorem 2. Lew:, pa2, -, be N distinct solutions of the Eq. (2) atAy,-- -, An, respectively, and

cihito) =+ ollo+ oo NN i =1,2,-- n), (15)
be their expansions, wherel,o[”] =, @7[ il — ;, a"ij 0i(N)aza;, (G=1,2,--4).
Defining T =1, I,,_; --- 1 Ty, T} = (m") Tlgl)(i > 1), I'g=1I,where
. _ @) _ )
T = ( A s 9'2(1 ) , (16)
' —55] Ak — 85
o9 — lim o+ T hend - [0+ T2 hea] [0+ TV ea Tior () - Ty (A +0) Do gor (A +0) a7
L _gﬁ‘-ﬂ ai ’
(1 <j < m;), then the transformations
n—1 m; n—1
o) =T, (N)—u—FQzZZsz)[m;. (N:n—]—FZ my), (18)
7=0 k=1 =

are the generalized DT for the general Hirota equation (1).
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Hirota equation (1). In doing so, starting with the seed

[1l. RATIONAL SOLUTIONS solution u = cei®(@+2¢)t Without loss of generality,
Let us consider an example to illustrate the application assuming that ¢ =1, the solution of the Lax pair (2)
of Theorem 2 to construct rational solutions for the general ath=1ihis

€B (CQ 8‘4 + C[ 67‘4) ) ! (19)

w1 (f) = ( ie B (Cret — Cye™)

whereCy = VVI+ A2+ A, Co = VV1I+ A2 - A B=1ia(2+w)t,
A=iv1+ A2 [.I‘+ 2(6 +Aa — 2)\26)t+ (bl +id1)02 + (bg +’id2)04 + (b;; +id;;)06 + ...+ (bN Jr'L"nffj\])\’JZN],
where by, di(k = 1,2, ..., N) are real free parameters.

Let b = 1+ o, expanding the vector function o, () at ¢ = 0, we have
¢1(0) = " +llo? + Tt 4 o o® 4o (20)

[0] (1] . 2] , - . . .
where % = ( g[(}] ) Lol = ( gm ) Lol = ( gm ) ,and (P-4, QUE-NT (; = 1,2, 3)are given in Appendix

A
It is clear that gaﬁmis a solution for Eg. (2) at A = 4. In what follows, we impose o« = 1, ¢ = 0.1, and only discuss three
cases:N=1,N=2and N =3.
(1). When N = 1, by means of formula (14), we have

(1)
i [fQ +T1 2] ¥1 (g)

(1) =1
1 =0 a

From Egs. (19) and (20),the first-order rogue wave solution is derived as
L _ € (75—1002% — 1207t — 436¢* 4 4007 1) 22)
w 25+ 10022 + 120 t + 43612 ’

where we have used the notationu\%’ represent the N-order rogue wave solution for simplicity.

0
=TV oM 4+l (21)

(2)
(2). When N = 2, by means of the formula of ¥1 1in Eq. (17), we obtain

[0 + 1) (0% + 1{") 21 ()

2 . 2 2 (2 0
A = lim ; =10 G+ 2+ 1) ol + ol 2
which helps to derive the second-order rogue wave solution as
u?) = 22 (24)
.-‘?\"gj

where forj =1, we haveuffﬂwith parametersb; = 0,d; = 0, and for j = 2, we have u,@i}with parameters by = 100,d; = 0.
Here M, ; and Na; (j = 1,2) are listed in Appendix B.

(3). When N = 3, by means of the formula in Eq. (17) the third-order rogue wave solutions can also be obtained, which is
omitted since it is very complicated. Thus we only show the figures of u&?ﬂ for simplicity. The first-order, second-order and
third-order rogue wave solutions are displayed in Figure 1 and Figure 2, respectively.

(a) (b) ©

|ul

Figure 1: (a) The first-order rogue wavew(:.. (b) The second-order rogue wavew\> with parameters b, = d, = 0. (c) The
second-order rogue wave '3 with parametersb; = 100,d; = 0. The other parametersare a = 1,¢ = 0.1,w = —1, A = i,
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Figure 2: Plots of the third-order rogue wavew.-.. (a) Parameters by = di = bz = da = 0. (b) Parameters by = 100, dy = by = d2 = 0. ()
Parametersb; = di1 = b2 = 0, d2 = 1000. The other parametersare « = 1,e = 0.1,w = —1, A = i.

Finally, let us provide another example to illustrate the
application of Theorem 2. To do so, starting with the
constant seed solution u = /=% (w < 0), the solution of
the Lax pair (2)at A =i h is

Coet +Cre A
1 (f) = ( ,L-(CleA_CbefA) )
(25)

Also we can obtain the rogue wave solutions of the
general Hirota equation (1) by using the same procedure as
above. Although the seed solution u = /=% (w < 0)isa

real constant instead of plane wave, we can also obtain the
rational rogue wave solutions, which seems an interesting
result: in other literature the rogue wave solution can
usually be obtained starting from a plane wave seed
solution, however, we can derive the rogue wave solutions
from a constant seed solution in this paper. The most
interesting result is that we can utilize the Taylor expansion
and limit procedure to obtain the lump solutions from the
constant seed solution. In the following, we impose
parameters o« = 0,e = 0.1,w = —1 and only consider
three cases,i.e. N=1,N=2and N=3.

(1). When N = 1, the first-order lump solution is
derived as

L —754+100a% + 1202t + 36 ¢°
ls 7 95 410022 + 1202t + 36¢2

(a)
|ul

which is a real rational solution compared with the
complex rational rogue wave solution in (22), where we
have used the notation u}i‘”to represent the N-order lump

solution for simplicity.

(2). When N = 2, we can obtain the second-order lump
solutions as

2 2
ugg) = —J,
Y2
where

(2)

forj =1, we have u;

with parameters by = 0,d; =0
, and for =2, we have u,(f) with parameters
by =100,d; = 0. HereX5; and Y5; (j =1,2) are given
in Appendix C. The first-order and second-order lump
solutions are shown in Figure 3, which are localized in
space and evolution in time.

(3). When N = 3, we can derive the third-order lump
solutionuf?which is too complicated to be written down

here, so we only show their plots in Figure 4.

(26)

Figure 3: (a) The first-order lump solution #':’. (b) The second-order lump solution «*’ with parameters b, = 0 and d; = 0. (c) The

second-order lump solution ugf)with parametersby = 100 and d; = 0. The other parametersare « = 0,e = 0.1,w = -1, A = 1.
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Figure 4: Plots of the third-order lump solution u(j)under different parameters. (a) b1 = d1 = ba = d2 = 0. (b)
b1 = 100,dy = b2 = d2 = 0. (c) by = di = d2 = 0,b2 = 1000. The other parametersare & = 0,e = 0.1, w = —1, A = i.

IV. CONCLUSIONS

In summary, we have obtained two kinds of rational
solutions of the general Hirota equation by the generalized
Darboux transformation. By means of the Taylor
expansion and limit procedure [19], the generalized
Darboux transformation is given from the N-step Darboux
transformation. Then the one, two and three-order rational
rogue wave solutions and lump solutions are proposed by
choosing the plane wave seed solution and constant seed
solution, respectively. The plots of these rational solutions
are also provided. We show in this paper that complex

in a complicated optical system with high-order dispersion
dispersion term like the general Hirota equation.
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helpful to observe the evolution of rogue waves and lumps
Appendices.
Appendix A.
QU = —v2, PIOT = 2, QI = YZi(1202t 4 4000zt + 25 — 60t — 100 — 2007t — 3641 + 24042 +
100$ ), PV = V2(—iz+ Rit? - 51t —ia? + 22 20— Szt +4at—Li), QP = b*[{[;o (1875 —

4200004 2 ¢ + 15000  + 1200004 22 £ + 1440004 2 ¢2 — 116800 t* — 144000 2 £2 — 120000 by + 240000 ¢ dy +
2336004 x t* + 57000t — 4500022 — 150000z ¢ + 586200¢2 + 36000 2% ¢ — 2184002 ¢2 + 200002 — 139680 ¢3 +
240000 ¢ by — 24000 2% £+ 218400 22 2 + 279360 £ + 120000 dy x4 72000 d1 £ —10000 xt — 74896 t* + 600001 by —
4440004 % — 720004 t by — 60000 dy + 150000:¢ + 1747204 * — 800001 2 1‘)

P = '\/_(—ilt—i—dl 08141 _ 1g3 ZJ; —QL.L' t+ditd + Bl L2y t2 Sithy +4th +2dix +

375 125
?;2 vtd+ 2 KEN 175'152 i . ouﬁ s t—abl+32 Sit— 194 i 5 Pt +38 it —Tint+
758“53 2?rb —% +‘1}SU1‘2 u”, f2+27{2t1f3 tat)
Appendix B
My = (=703125 + 348000004 ¢> + 72000007zt — 11250000 i¢ — 180000004zt + 120000007 ¢ x*

288000004 2 23 + 121920000 t3 2 4 2281152004 £° 4+ 1255680004 t* 2 4 2812500 22 + 8775000 z ¢ + 32062500 ¢ +
837360003 = + 99180000 22 12 + 7800000, a2 ¢ 4+ 1479300002 + 2250000 z* — 331200003 2% — 75864000 t* 22 —
68434560 ¢° £ —17400000 x* 2 —3600000 z° t— 82881856 t5—-10000002%) e't, Ny, = 82881856 t5+68434560° x+
118378800 t* + 75864000 t* 22 + 33120000 ¢* 2 + 5256000 % 2 4+ 27877500 2 + 17400000 z* 2 — 20700000 2 * —
600000 2* £ 43600000 2° £ + 3825000 x £ 4 1687500 22 + 1000000 2% + 140625+ 750000 2,  Mas = (450000000 ¢ —
17520000002 + 281250022 + 8775000zt + 32062500t + 1800000000 2 ¢ + 2160000000  t2 + 2250000 z* +
147930000 t* 4+ 7800000 z* t + 83736000 ¢*  + 99180000 22 t2 — 3600000 z° t — 17400000 z* t2 — 75864000 ¢* 22 —
68434560 ° z — 33120000 2% £ — 1000000 5 — 82881856 ¢0 4+ 12000000 z* ¢ + 1219200004 2 3 — 22500703125 —
1080000000¢ x ¢ + 288000007z t? + 7200000 t%z + 1255680004 ¢*z — 112500004¢ + 32760000004 £ +
348000004 t3 — 180000007 22 ¢ + 2281152007 7 — 9000000004 2% — 2250000004) e'!, Ny = 828818565 +
68434560 t° 2 + 118378800 t* + 75864000 t* =2 + 1752000000 3 4+ 5256000 ¢% 2 + 33120000 22 £3 + 17400000 z* 2 —
20700000 2 £2 4 27877500 ¢ — 2160000000 2 t2 + 3825000 2 t — 1800000000 22 t — 600000 23 ¢t + 3600000 z° ¢ +
1350000000 ¢ + 22500140625 + 750000 24 + 1687500 22 + 1000000 28
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Appendix C

Xo1 = —(46656 1% + 4665601° = + 1944000 * 2% — 810000* — 4536000z +* + 4320000 z° +3 — 281250012 +
32400000014 t* — 9180000 2 t? + 5400000 z* £ + 9000000007 x? — 8775000 ¢ + 3600000 z° ¢ — 7800000 2 t —
2812500 22 + 10800000007 ¢ — 2250000 z* + 1000000 2% + 22500703125 + 2250000004), Yoy = 466561° +
466560 t° 2 —421200 t* +1944000 ¢* 2% — 1944000 2 t*+4320000 2> ¢ 45400000 * ¢2 — 2700000 22 2+ 3127500 >+
38250002t — 60000023 ¢ + 36000002 ¢ + 22500140625 + 168750022 + 10000002 + 750000z%,  Xop =
—(46656 t54+466560 t° 2 —810000 141944000 2 #* — 4536000 3 +4320000 23 +* —9180000 22 2 +5400000 z* 2 —
2812500 ¢ — 8775000 £ + 3600000 2° £ — 7800000 x® ¢ — 2812500 22 — 2250000 * 4+ 1000000 2° 4 703125), Yoy =
46656 15 + 466560 t° z — 421200 t* + 1944000 22 t* — 1944000 z 3 + 4320000 23 ¢3 — 2700000 22 t2 + 5400000 z* ¢ +
31275002 + 3825000 2 t — 600000 2° ¢ + 3600000 2° t + 140625 4+ 1687500 22 + 750000 2* + 1000000 2°
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