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Trajectory Tracking of Complex Dynamical Systems
Using Delayed Recurrent Neural Networks Via PID
Control Law
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Abstract— In this paper the problem of trajectory tracking is
studied. Based on the Lyapunov-Krasovskii theory, a PID
control law that achieves the global asymptotic stability of the
tracking error between a delayed recurrent neural network and
a complex dynamical network is obtained. To illustrate the
analytic results we present a tracking simulation of a dynamical
network with each node being just one Lorenz’s dynamical
system and three identical Chen's dynamical systems.

I. INTRODUCTION

This paper analyzes trajectory tracking not for a nonlinear
system but for a network of coupled nonlinear systems with
delay, which are forced to follow a reference signal generated
by a nonlinear chaotic system. The control law that
guarantees trajectory tracking is obtained by using the
Lyapunov-Krasovskii methodology and the PID Control
Law.

In previous chapters, we occasionally discussed the basic
PID controllers[16]. For example, we presented electronic,
hydraulic, and pneumatic PID controllers. We also designed
control systems where PID controllers were involved. It is
interesting to note that more than half of the industrial
controllers in use today are PID controllers or modified PID
controllers.

The proportional action tends to stabilize the system, while
the integral control action tends to eliminate or reduce
steady-state error in response to various inputs. Derivative
Control Action. Derivative control action, when added to a
proportional controller, provides a means of obtaining a
controller with high sensitivity. An advantage of using
derivative control action is that it responds to the rate of
change of the actuating error and can produce a significant
correction before the magnitude of the actuating error
becomes too large. Derivative control thus anticipates the
actuating error, initiates an early corrective action, and tends
to increase the stability of the system.

The combination of proportional control action, integral
control action, and derivative control action is termed
proportional-plus-integral-plus-derivative control action. It
has the advantages of each of the three individual control
actions. The equation of a controller with this combined
action is given by:

Up; = Kpiel' + KViél + Ki fot €; (T) dr.

The analysis and control of complex behavior in complex
networks, which consist of dynamical nodes, has become a
point of great interest in recent studies, [1],[2],[3]. The
complexity in networks comes from their structure and

11

dynamics but also from their topology, which often affects
their function.

Recurrent neural networks have been widely used in the
fields of optimization, pattern recognition, signal processing
and control systems, among others. They have to be designed
in such a way that there is one equilibrium point that is
globally asymptotically stable. In biological and artificial
neural networks, time delays arise in the processing of
information storage and transmission. Also, it is known that
these delays can create oscillatory or even unstable
trajectories, [4]. Trajectory tracking is a very interesting
problem in the field of theory of systems control; it allows the
implementation of important tasks for automatic control such
as: high speed target recognition and tracking, real-time
visual inspection, and recognition of context sensitive and
moving scenes, among others. We present the results of the
design of a control law that guarantees the tracking of general
complex dynamical networks.

Il. MATHEMATICAL MODELS

1. GENERAL COMPLEX DYNAMICAL NETWORKS

Consider a network consisting of N linearly and
diffusively coupled nodes, with each node being an
n-dimensional dynamical system, described by

J&l = fl-(xi) + Z?’=1 cl-jal-j F(X] - xi),i = 1, ,N

Jj#i

Eqg. 1

where x; = (x;4, ..., x;y)T€ R are the state vectors of the
node i, f;: R® - R" represents the self-dynamics of the
node i, the constants ¢;; > 0 are the coupling strengths
between node i and node j, with i,j=1,..,N, =
(Ti)e R™" is a constant internal matrix that describes the
way of linking the components in each pair of connected
node vectors (x; — x;) : this means that for some pairs (i, j)
with 1 < i,j <nand (t;;) # 0 the two coupled nodes are
linked through their ith and jth sub-state variables
respectively, while the coupling matrix A = (t;;)e RV
denotes the coupling configuration of the entire network: this
means that if there is a connection between node iand node j
i # j,then a;; = a;; = 1; otherwise a;; = a;; = 0.

I11. DELAYED RECURRENT NEURAL NETWORKS

Consider a delayed recurrent neural network in the
following form:
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N = ApXp, + Wy,0o (xni(t - T)) + Uy, +

+ij:1 Cm-njaninj F(Xn} - Xni), i = 1, ...,N, Eq 2

JE

where t is the fixed known time delay ([5],[6]), xn; =
(Xnit, - Xnin) T € R™ is the state vector of the neural network
[, Up; € R™ is the input of the neural network i, A, =
—Anlnxn, £ = 1,..., N, is the state feedback matrix, with A,
being a positive constant, W, e R"*N is the connection
weight matrix with i=1,..,N 2, and () e R" is a
Lipschitz sigmoid vector function ([7],[8]), such that
o(xn,) = 0 only at (x,,) = 0, with Lipschitz constant L;
i = 1, ..., N and neuron activation functions o;(-) = tanh(-),
i=1,..,n

IVV. TRAJECTORY TRACKING

The objective is to develop a control law such that the ith
neural network (2) tracks the trajectory of the ith dynamical
system (1).

We define the tracking errorase; = x,; — x;,i =1,...,N
whose derivative with respect to time is

é, =Xy —%X, i=1,..,N Eq. 3
Substituting (1) and (2) in (3), we obtain
€, = ApXp, + Wp,0 (xni(t - T)) + Uy, +
N
+ Z CninjQninj l-‘(xnj - xni) -
j=1
J#i
—fi(x) = Zj1 cyjag; (o — x;) Eq.4
ji

Adding and subtracting W,,,a (xni(t - 1')), a;(t),i=
1,...,N, to (4), where a; will be determined below, and
considering that x,,; = e; + x;, i =1, ..., N, then

é =W, (o (xni(t - T)) —o(xqt-D)+
+ (uni — ai(t)) + A6 +
+(An s + Wi (0(xi(t = D) + @ (®) = filx) +

N
+Ej:1 CninjAninj l—‘(xnj - xni) - Eq- S5
J#i
N
- E Cl-]-al-j F(x] - xi),i = 1, ,N
j=1
J#i

In order to guarantee that the ith neural network (2) tracks
the ith reference trajectory (1), the following assumption has
to be satisfied:

Assumption 1. There exist functions p;(t) and «;(t),
i=1,..,N,such that

dp;
pi(t) = x(),i=1,..,.N Eq. 6
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Let's define

Uy, = (uni - ai(t))

pst—T)=0 (xni(t - r)) - o(x(t — D)
i=1,..,N

Eq. 7

Considering (6) and (7), equation (5) is reduced to

él = Aniei + Wni(;ba(t - T) + a;:L +

N
+ Zj:l CninjAninj F(an - xni) -
Jj#i

Eq. 8

N

- Z Cijal'j F(x] — xi),

=1
Jj#i

i=1,.,N

Writing the summations as

Z CninjAninj l-‘(xnj - xni) =

N
=1
Jj#i

_ N N
= T'( Xj=1Cninjninj Xnj — Xni %j=1 Cninjtninj)
j#i J#i

N
Yjeacijay T —x;) =
j#i

Eq. 9

N

N

= F(Z Cijaij x}' - xiZCijaij),i = 1, ,N
=1
J¥+l

=
Jj#i

and using that ¢,,;,,; = ¢;; and a;,; = a;;, then, using the
equations above, (8) becomes

é = Aniei + Wnid)n(t —T) + Uy +
r <Z§y:1 Cijaij € — €; Y= Cijaij> =

Jj#i Jj#i

= Aniei + VVTlld)J(t - T) + a:l +

N
+Z C,:ja,:j l"(e] - e,:),i = 1, ,N
=1

Jj#i

Eqg. 10

Itisclearthate; ,i =1, ..., N isan equilibrium point of (10),
when i,;,,i = 1, ..., N. In this way, the tracking problem can
be restated as a global asymptotic stabilization problem for
the system (10).

V. TRACKING ERROR STABILIZATION AND CONTROL DESIGN

In order to establish the convergence of (10)to e; = 0, i =
1, ..., N, which ensures the desired tracking, first, we propose
the following Lyapunov function

N
V(o) = Y V(e) =
i=1

1
5:\]:1[; (eiT! WiT)(eii Wi) T + Eq 11
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t N
+ f((l); (S)Wyi Wh, 95 (s))ds] vy (€ < Z[ — aly, llell? +g lle:l* +
Z i=1
T e= (ef, . ep)" gqb;(t — DWW, ¢o(t — 7) + ael iy +
The_time deriva_ltivg of (11), along the trajectories of (10), and N
adding the Derllvvatlve "D" +az CijaijeiT F(ej _ ei) )+ ¢§(t)WnTiWni¢o(t) _
v © = ) [el o +wl i + DLOW Wby (©) - T
=1 B —pg (t — DWWy, o (t — 1) + W] Ky e;(D)] Eq. 16
_(pg(ﬁ ~ OWaiWn o (t — )] = Eq. 12 By simplifying (16), we obtain
= ) [el (e +Kvye)) + Wi w; + d5 (OWWa, () — N .
- OWIW gt — )] = MOE Z[ = aly lledl? +5 lledl” +
= i[ef (L+Kye; + Wy + TOWI W 65 (0) - (G=1) $5 — DWW (e =) + acl s, +
- —¢o (t = DWW, o (t — 7)) +aYicja el T(e; —e) + Eq. 17

ji

T T T

Ifa=(1+K,)ad w; = K fot e; (t)dr, +wi Kiei(t) + o (OWn, Wn, 0o (8)] <
then 0 = K, e;(t)
" i < Y[ = ady, llell? +% llegll? + wi Ky e; () +

N
* _ T ~
vy (€) = Zi=1[aei (Anei + Wni¢a(t —T) + Uy + +%¢Z(t)WnTiWni¢a(t) + ael'i,, +
N
+Z cija; Te; —e;) ) + o5 (OWE W, do (1) — N
=1 +az cijaijel T(ej —e;))
J#l ;
j=1
—pg (t = DWWy, ¢ (t — ) + w] K e;(t)] j#i

Reformulating (12), we get
Since ¢, is Lipschitz with Lipschitz constant Lg_ [7], then

N
o)=Y [— 112 T _
14 © = ) [ an el + aef Wy e =)+ 19001l = [|o (3 (®) — o ()| <
i=1
N < Lg, [n,(®) =20 = Eq. 18
ae] iy, + az cijag el T(e; — ;) + o5 (Wi W, ¢y (1) — =Ly, lle;®OIl, i=1,..,N
Jj=1 i
J#i . .
—@I(t — DWW, ¢y (t — T) + WKy ei(8)] Eq.13  Applying (18) to ¢g ()W, Wy, ¢, (t) we obtain
Next, let's consider the following inequality, proved in P (OWL W, d6 () < || 07 (OWa W, 0, (D] =
. 2 .
[9].[107: < (Lo, WP lledliz i = 1, N Eq. 19
XTY +YTX < XTAX +YTAYY, Eq. 14

Now (17) is reduced to

which holds for all matrices X,Y € R™¥ and A € R™™ with

A = AT > 0. Applying (14) with A = I,,,,,, to the term X
va (€ < TiLi[ = aky, lleill® +3 llesll* +

el Wods(t —1), i=1,..,N we get +%(L¢Ui)2||Wni||2||ei||2 +ael @, + Eq. 20
N
el Wy ¢s(t —1) < + az cijaizel T(e —e;) + wl K e ()] =
<lefe +1g0(t— DWW b, (-0 = EQ.15 &
1 , 1 . r J#i N
=35 ”eL” +_¢a(t_‘[)w/niw/ni¢a(t_‘[) N r
i 2 2 = Z e; (—aln.ei - az Cl-jai]- F(ei) +
l=1,...,N i=1 i &
J#i

Then we have that a 2
+§(1 + (L¢ai> ”Wni”Z)ei + W;I‘Kiiei(t) +
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+aYqcjael T(e) + aty,)

J#i
We define
o~ — (1 —~ (2
Uy, = unl( ) + unl( ) + Kpl.el- + w; —

+L @+ (Lg,,) el

Where w; = K;, fot e;(D)dr, i=1,..,

becomes

N, and then (20)

N

N
v (e) < Z el (—aldye; — az cija; T(e) +
= j=1

J#i
a 2 2 — ()
+§(1 + (L%i) ||Wnl.|| Je; +aty, +akKye; +

N
Z Cijaije; F(ej) + aum( )+ aw; —

Then,

vy (@) S Ti[—a( Ay, — Kpele; —

_ar—-1) 2 ,
(14 (1) W) e

(a + Kl-l.)eiTWi - aZ?]zl Cl']'al']' FeiTel- + Eq 21
j#i
N
+ az cijai; Tel (e) + ael-Tum( +ael@;, @)
Jj=1
J#i

Here, we select(a + K;,) = 0,50 Ky, = —K;, — 1;
Ky, = 0 ,then K;, = —1. With this selection of parameters
(21) is reduced to:

v (@) < Z [~a( e, —
‘WZKT@%MMWﬁh—

az Cl'jal'j FeiTel- +

T
Kpi)ei e —

=
ji
N
+ az cijai;Tel (e) + aeTﬁ}jl( )4 ael iy, @]
=1
ji

In this part, if 1, —K,, >0,a>0andy —1> 0, then
vy (€) <0,V e;,w;, W, # 0, the error tracking is
asymptotically stable and it converges to zero for every
e; # 0, i.e. the Neural Network will follow the plant
asymptotically.

Now, we propose to use the following control law:

2
&= @+ (L) Walrec -
_Z?]:l Cijaij F(Ej), i=1,..,N

J#i

Eq. 22

14

Then ¢ (e) < 0 forall e; # 0. This means that the proposed
control law (22) can globally and asymptotically stabilize the
ith error system (10), therefore ensuring the tracking of (1) by
(2). Finally, the control action driving the recurrent neural
networks is given by:

Uni = £i(60) + An Xy = Wiy (0 (2 (= D)) +
1 2 2 ' ¢
+(§ + (L¢o'i) ”Wnl” )ei + Kpiei + KVl'eL + Klf ei(T) d—[
0

- 21}1:1 Cijaij F(ei), i=1,..,N Eq 23

Jj#i

Substate 1
Neural Network: 1

Fig. 1 Sub-State and Neural Network of Lorentz's attractor
with initial condition X;(0) = (10; 0; 10)7

Meural Network 2
Meural Metwark 3
Meural Metwark 4

Fig. 2 Sub-States of Chen's attractor with initial condition
X2'3'4(0) = (_10,0,37)T

Meural Metwork 2
Meural Metwork 3
Meural Metwork 4

50 "4 20 0o 20

Fig. 2.1 Neural Network of Chen's attractor with initial
condition X, 3,(0) = (—10,0,37)7
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VI. SIMULATIONS T = 10seconds 1 = 10seconds,

(Lg,)2n=3
In order to illustrate the applicability of the discussed
results, we consider a dynamical network with just one x,.(0) = (20,20,—10)7,
Lorenz's node and three identical Chen's nodes. The single
Lorenz system is described by:

i=1234

Theorem: For the unknown nonlinear system modeled by

10x, — 10x (1), the on-line learning law tr{WTl/_V} = —eiTWo'(x) and
*1 2 ! the control law (23) ensure the tracking of nonlinear
(’Q) =%~ xlxz: 28x; Eq.24  reference model (4), [13].
X3 X1Xp — (g)xs
x;(0) = (10,0,10)7, i =1 Remark: From (21) we have

and the Chen's oscillator is described by

@S Y [=al — Kyele -

X, a(y —1) 2
(,g;) _ ~E 2 (14 (tgy,) W) eFec+

x.l.3 4 (a + Kii)E,ZFWi - aijl CijQij FeiTei +
Jj#i
p1(xiz — x;1) + ijl cijaij(xj1 — xi1) o

Jj#i . cual] rel(e;) + aely, ~ +aeliy, ¥ <0
| (3 — D2)Xi1 — X1 Xi3 + P3Xiz + Zjﬂ Cija;; (X — Xi2) | ]il
[ . J# | v e, w;, Wy, # 0, and therefore V is decreasing and bounded
\ X1 Xig — DoXis + ijl ey (5 — xi3) / from below by V/(0). Since

Jj#i

%(0) = (=10,0,37)7, i = 2,3,4 Eq. 25 Vu(e) = ZELE (e wi(enwy) T+
t

If the system parameters are selected as p; = 35, p. =3, ps
= 28, then the Lorenz's system and Chen's system are shown
in Fig. 1 and Fig.2 respectively. In this set of system
parameters, one unstable equilibrium point of the oscillator
(25) is x = (7.9373,7.9373,21)7 [11].

Suppose that each pair of two connected Lorenz and
Chen's oscillators are linked together through their identical 25
sub-state variables, i.e., I'=diag(1,1,1), and the coupling
strengths are ¢y, =C31 =7, C13 =C31 =7, Cz3 =C32 =T, C1q =
C41 =2, Caq = Cqp =2, C34 = C43 = 27. Fig. 3 visualizes this
entire dynamical network: 1o

+ j (BT W W, b, (5))ds]

then we conclude that e;, W;,,€ Ly; this means that the
weights remain bounded.

T
Sub-state 1
20 — Neural Network 1 |
15

Sub-state x1

-10

-15

20 : e : e e
0 5 10 15 20 25 30
Time t

Fig. 4 Time evolution for sub-states 1 with initial state
Xn,(0) = (10,0,10)"

Fig. 3 Structure of the network with each node being a 20
Lorentz and Chen's system.

T
Sub-state 1

Neural Network 1
20 B

The neural network is selected as:

-1 0 0 1 2 0
Ap, = ( 0 -1 0 ), Wy, = (—3 4 0),
0 0 -1 0 2 3

10 S

o

Sub-state y1

-10

tanh (x4 (t — 7)) 20/- b
o (xnl.(t - T)) = | tanh(x,,(t — 1)) |, Eq.26 . , , , , ,
tanh(xni3 (t — T)) o 5 10 ﬁ:qse( 20 25 30

Fig. 5 Time evolution for sub-states 1 with initial state
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X,,,(0) = (10,0,10)"

50 T T T 5 5
Sub-state 4
Neural Network 4
45 T T T T T 40 *
Sub-state 1
Neural Network 1

20

30
35 b

30 - 20

Sub-state z4

25

10r- b

Sub-state z1

20

ok J
151 o~
10; 7 - I r

10 : : :
0 5 10 15 20 25 30
5& B Time t
o . . . . Fig. 9 Time evolution for sub-states 4 with initial state
0 5 10 Ti;it 20 25 30 )(n4 (0) - (20‘20' _10)T

Fig. 6 Time evolution for sub-states 2 with initial state

X, (0) = (10,0,10)" The experiment is performed as follows. Both systems, the
ng - gy

delayed neural network (2) and the dynamical networks (24)
and (25), evolve independently until t=10 seconds; at that

time, the proposed control law (23) is incepted. Simulation
% i i i oo d results are presented in Fig. 4 - Fig. 6 for sub-sates of node 1.
20K Neural Network 4 I As can be seen, tracking is successfully achieved and error is
asymptotically stable, as it is shown in Fig. 7 -Fig. 9 for
sub-states of node 4.

15 Ny
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20 ] VII. CONCLUSIONS

. : : : : :

0 5 10 15 20 25 30 . .
Time t We have presented the controller design for trajectory

tracking determined by a general complex dynamical

Fig. 7 Time evolution for sub-states 4 with initial state . . ;
X,,,(0) = (20,20, ~10)7 network. This framework is based on dynamic delayed neural

networks and the methodology is based on

Lyapunov-Krasovskii theory. The proposed PID Control
2 L L L L \ Law [14] is applied to a dynamical network with each node
Sub-state 4 being a Lorenz and Chen's dynamical system [15],
Neural Network 4 respectively, being able to also stabilize in asymptotic form
the tracking error between two systems. The results of the
simulation shows clearly the desired tracking. In future work,
10 i we will consider the stochastic case for the complex
dynamical network.
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